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SOME NEW COMPLETE SETS OF IDENTITIES 
FOR AFFINE AND METRIC SPACES 


BY JACK LEVINE 


1. Introduction. Complete sets of identities have been ob- 
tained for the components of the affine and metric normal ten- 
sors and also for the components of the affine, metric, and pro- 
jective curvature tensors. In addition to these identities, a com- 
plete set is known for the components of the first covariant de- 
rivative of the affine curvature tensor.* 

In this paper a complete set of identities is obtained for the 
components of the second covariant derivative of the affine 
curvature tensor, and also a complete set for the first and second 
covariant derivatives of the metric curvature tensor. 


2. The First Covariant Derivative. We shall now obtain a com- 
plete set of identities for the components} Bijx1,m of the first 
covariant derivative of the metric curvature tensor with com- 
ponents B;;,;. In terms of the g;; and their derivatives, we have 





Bij = 
(1)  .- 


1 ( Og ix 07g: 078 ix 07g 51 ) 


Oxidx! Oxidx* dx'dx! Ox'dx* 
a_b a_b 
+ gol il jp — Til jx). 


By expressing (1) in metric normal coordinates, differentiating 
and evaluating at the origin, we obtain 


(2) Bi jxt,m = (Sik, jim + Qit.ikm — Qil,jkm — ik,itm)/2. 


The quantities g;;,.2m are the components of the third extension 
of the g;;. The following identities form a complete set for these 
components: 

Sij,klim = Sii,klm = 8ij,pars 


(3) 
£ij.zim 1 Sik, jim + Gil,jim 1 Sin, set = 9, 





* T. Y. Thomas, Differential Invariants of Generalized Spaces, Cambridge 
University Press, 1934, pp. 81, 114, 132, 138. 
¢ In this section and the next small Latin indices have the range 1, 2,- - -,m. 
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where pgr is any permutation of kim. From (2) and (3), it is not 
difficult to show that 


Bi jxt,m oo B jikt,m = Bijtk,m, 
(4) Bijetm + Bijim + Bijmta = 9, 
Bijitm + Birtj.m + Birjem = 0. 
The equation (2) can be solved for the gi;,z1m, the solutions 
being 
62i5,41m = Birjim + Bizjns t+ Bitjn.e + Bitiin 
9) + Byjrim + Bitim- 
In obtaining (5) we use the identities (3) and also 
(6) Sklijm = Sij,kim + Sim,kli + Smi,kli; 


this latter identity being a consequence of (3). Starting with (5) 
and (4), it is possible to obtain (2) and (3), and hence we have 
the following theorem. 


THEOREM 1. The identities (4) constitute a complete set of identi- 
ties for the components B;jx1,m of the covariant form of the first 
covariant derivative of the curvature tensor of a metric space. 


3. The Second Covariant Derivative. We now consider the com- 
plete sets of identities for the components of the second covari- 
ant derivatives of the affine and metric curvature tensors. The 
affine case is first discussed. In terms of the components of the 
affine normal tensors, we have 


et) ye F i i 
(7) Byztu.p = Aine — Aijtimy 1 Vikings 


where 
i i a i a t a ‘ a 
Vitinp = AciwA jep + ActpA jim + AampA jxt + ActtA juny 
7 a i a ry a 7 a 
(8) + A jistkne + A ajtA imp a (A akpA jlm + A aku ilp 


+ AimpA je + AattA jmp + AjatA emp + A jtaA imp) - 
A complete set of identities for the components Abtimp is given 
by the formulas 
(9) es = Peon = Pa (rst is any permutation of Imp). 
A timp = ig A sep +A ane +A aaa + Minis +A sai 


(10) i i i i 
+A kpmlj = A inpit = jes lpmjk =i A mpjki = 0. 
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By differentiating covariantly the components Bin m in a com- 
plete set of identities which these components satisfy, we obtain 
i i i i 7 

Lae Bik mae Bitm.p =i Bitj.n.p + Bijs.n.s = 0, 


i i i 
Dita + Ls Vibes + Pirabie = 0. 


If in (7) the indices m and p be interchanged and the resulting 
equation be subtracted from (7), there results 


B 
(11) 


é ‘ a i i a 

(12) 1 —— 1a > BitDeus cris Batt ins 
i a t a 

— BjatBimp Py DB iaPine= 


This latter identity, (12), is one of Ricci’s identities. Use is made 
of the relations 


‘ i é 
(13) By = Aju — Aju 
in obtaining it. The yas can be obtained in terms of the B’s 
by use of (7), (9), (10), the result being 
F é F i é é 
10A jrimp = 2Djetmp + Ajemtp + Ajepim + Atjimp + Azjntp 
(14) + Neious + Mists + Ate + ae 
+ Anipet + NM iakets 
where we have put 
(15) Veins - Buse» — Vistmp- 
In (15) the y are to be thought of as being expressed in terms of 
the Bj.4, this being done with the aid of the formula 
(16) Atea = (Boea Se Beva)/3. 


The components Bj,4 satisfy the following identities which 
form a complete set: 


(17) Bia = — Bees, Bica t+ Beas + Barve = 0. 


From (11), (12), (17), and (14) it can be shown after rather 
lengthy calculations that the complete set of identities (9), (10) 
is satisfied, and also the equations (7) can be obtained. Hence 
we have the following theorem. 


THEOREM 2. The identities (11), (12), (17) constitute a complete 
set of identities for the components Bji.1,m,p and Bjx1. 
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The identities for the components B;jx:1,m,» of the second co- 
variant derivative of the metric curvature tensor with com- 
ponents B;;.; will now be considered. In terms of the com- 
ponents of the metric normal tensors and the g;; and their ex- 
tensions it is found that 


(18) Bisa me = Sia(A puis —A ae + Riskines 
where 
b a a b b a 
hijximp — Sia(A jkpA bin + A bipA jkm — A ilpA bkm 
a b b a 
(19) = A bk pA jlm + ByxiA a) 
b b b 
rT. BioniA jmp ~ B;j01.Bimp ceo BijxrBimp- 
Also 
(20) Bavea = fac,bd — fic.ads 


and Aj.q can be obtained in terms of the g’s by means of (16) 
and (20). We find that 


k k 
(21) gar(Aijimp — Aitjmp) 
= (1/2)(gaj.itmp + Sil,djmp — Zdl,ijmp — £ij,dlmp) + Qdijlmp: 
where 
b b b 
Caijimp = AiimSod.ip — AijuSda.ip + AitpSod,jn 
(22) 


b b 
ia A ijpfbd,im = Ri jiZsa,mp; 


and £;;,:imp are the components of the fourth extension of the 
gi;. If we place 


(23) Cijkimp = Gijkimp + hijximp, 

then (18) can be rewritten, by means of (21), 

(24) Bijetm.p = (1/2)(gik, jtmp + Sit,ikmp — Sit,ikmp — 8ik,itmp) 
+ Cijkimp- 


It is evident that Cij:1mp can be expressed in terms of the g’s. 
The :;,x1mp Satisfy the complete set of identities 
Lij.kimp = £ii,kimp = Sij,qrst, (Qrst is any permutation of kim), 


(25) 
Lij.klmp + Rik, jlmp + Sil, jkmp + Sim, jklp + Sip,jkim >= 0. 
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From (4) and (12) we can obtain the identities 
Bijkt,m.p = — Byikt,m.p = — Bijtem.p; 
Biiti.ne + Dagti aa + Bitjz,m.p = 0, 
(26) Bijet.m.p + Bijime.p + Bijnt.t.p = 0, 
Bijti.n.p — Bijti.p.m = BienpBiat = BieuBinp 
_ BisetBinp _ | on 
It is found that we can solve for the components g;;,z1mp by the 
use of (24) and (25), obtaining 
10g;;,c1mp = Eitjimp + Ejziimp + Eizjmip + Ejtimtp 
(27) + Eitjpnt + Ejeipmt + Eitinep + Ejtimtp 
+ Eitjome + Ejtipmz + Eimjptt + Ejmipet; 
and 
(28) Eijzimp = Bijzt,m.p — Cijeimp- 
The following identities are useful in obtaining (27) 


(29) Smp,ijkl = Sij,klmp + Rik, jlmp + Ril, jkmp + Sik,ilmp 
+ fil.ckmp 1 Qkl.timps 


these being derivable from (25). The quantities E are expressed 
in terms of the g;;, Bijx1, Bijxt,m,p. Now we can obtain (25) and 
(24) by means of (27) and (26), and as the B;;.. have the com- 
plete set of identities 


(30) Bi jx > Byixi = Biju; Bi jx ai Bix; == Bij = 0, 
we have the following theorem. 


THEOREM 3. The identities (26), (30) and g:;=8;; constitute a 
complete set of identities for the components g;;, Bijx1, and Bijx1,m,p- 


The components g;; have to be included since they appear ex- 
plicitly in the right member of (27). 


PRINCETON UNIVERSITY 
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ON THE LIMIT OF A SEQUENCE OF POINT SETS 
BY HSU PAO-LU 


A variable point P, is said to approach the point P as its 
limit if to an arbitrary positive ¢ there corresponds an m such 
that 


PP <<, (n >m). 


In other words, P is to have the property that every neighbor- 
hood of it contains almost all* the points P,. 

In attempting to generalize this definition to a sequence of 
point sets M,, Me, ---, one is naturally !ed to begin with a 
definition of the neighborhood of a set and then write down 
(Definition A») the last sentence of the last paragraph, replacing 
the letter P by M. 


DEFINITION. By the e-neighborhood of a set M is meant the set 
of all points which have a distance <«€ from some point of M. We 
shall denote it by (€) a. 


DEFINITION Ao. A point set M ts called a limit of the sequence 
of sets My, Mo, - - - , if every neighborhood of it contains almost all 
the sets M; as partial sets. 


But the above definition is far from being useful, because the 
limit would then not be unique. In the first place, if the set M 
is a limit in the sense of Definition Ao, and if M has a cluster 
point C, then the set M—C has also the property of being a limit 
of the sequence. Secondly every set containing M as a partial 
set is a fortiori a limit. 

The first difficulty is overcome by requiring M to be closed, 
and the second difficulty is met by adding still another condi- 
tion (y): 


DEFINITION A. A set M is said to be the limit of the sequence of 
sets M,, Moe, - - - , if it has the following properties: 
(a) M is closed. 





* Thereby is meant that at most a finite number of the points P; can lie 
outside the neighborhood. 
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(8) For an arbitrary e>0, (€)“ > M;* for almost all indices i. 
(y) For an arbitrary e>0, (€)m;> M for almost all indices i. 


Observe that in the case of a sequence of points, (a) is ful- 
filled, (8) and (vy) become equivalent, and the definition reduces 
to the old one. 

The following are immediate consequences of the definition: 

(1) If a sequence of sets has a limit, the limit is unique. 

(2) If a sequence © of point sets has the limit M, every par- 
tial sequence of S has the same limit M. 

Further results hereby obtained consist of two fundamental 
criteria for the existence of a limit, when we restrict the sets of 
the sequence to lying in the same finite region of space. Given a 
sequence © of sets Mi, Mo, - - - , an L-point of S shall be de- 
fined as a point which is the limit of a sequence of points 
P,, Po, - - - , where each P; belongs to the set M;. 


THEOREM A. Let 
S: Mi, M2, --> 


be a sequence of point sets such that all the M;’s lie in the same 
finite region of space. Then © has a limit when and only when, 
whatever partial sequence ©, be selected from ©, the set of L-points 
of S1 coincides with the set of L-points of S. The limit of M; is 
then the set of L-points of S. 


THEOREM B. A necessary and sufficient condition for the se- 
quence of sets M;, lying in the same finite region of space, to have a 
limit 1s that, to an arbitrary positive ¢, there corresponds an M», 
such that 

(B’) (€)ar,, > M; for almost all indices 1, 

(y’) (2); 2 Mm for almost all indices 1. 


EXAMPLE 1. If each M; is closed, M; is bounded, and 
M; > M;,, for all i’s, then a limit M exists and is equal to the set 
of points common to all the M;’s. 


EXAMPLE 2. If Mj,,;> M;and all the M,’s lie in the same finite 
region of space, then a limit M exists.and is equal to the closed 
covert of the set of points which belong to one of the M;’s. 





* Read: “the €-neighborhood of M contains M; as a partial set.” 
+ The closed cover of a set is the sum of the set and its first derived set. 
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In the case where each M; is a point, the meaning of Theorem . 
A is obvious, while Theorem B leads directly to the funda- 
mental criterion for the variable point P, to approach a limit, 
namely, to an arbitrary ¢>0 there corresponds an m such that 
P,P, <e, provided that n, n’<m. 

But what do these theorems tell us when the set M; corre- 
sponds to a point function? 

To be exact, consider a sequence of functions fi(P), fe(P),-- -, 
defined in the same bounded set N of (7 —1)-dimensional space, 
and converging toward a limiting function f(P), in each point 
P of N. Moreover, let the functions f;(P), f(P) be bounded; 
that is, | f:(P)| <G, |f(P)| <G, where G is the same number for 
all the functions. To each f; corresponds then a bounded set M;, 
formed of the points (x1, %2,---, Xn1, Xn), where P:(x1, Xe, 

- ,X,1) is a point of N and x,=f;(P). Furthermore, all the 
sets M; lie in the same finite region of space. Let M be the set 
corresponding to f as M; to f;. The following result is immediate. 
If f; is uniformly convergent, M; has the closed cover of M as its 
limit. But the converse is not true. For example, let N be the 
interval (0, 1), and 


f é, when0 S x«& ni, 


ii = ‘ 
u — e;when 7; < x £1, 


where €; >0, 7; >0, €:> €i41, 75 < Nia1, limn—.€n = 0, lim,—.n = 1/2. 
Here f; converges non-uniformly, while M/; has the closed cover 
of M as its limit. 

Nevertheless it is true that if N is closed and f is continuous, 
then f; converges uniformly when M; approaches M as its limit. 
Thus under appropriate restrictions Theorem B is equivalent to 
the condition for uniform convergence, namely, f; converges uni- 
formly when and only when, to an arbitrary ¢>0, there corre- 
sponds an m, independent of P, such that 


| f.(P) — fa(P)| <e, (m < n,n’). 


Under the same restrictions Theorem A may be translated as 
follows. The function f; is uniformly convergent when and only 
when, for every sequence of points P,, Po, - - - of N with the limit 
P, the sequence of numbers fi(P1), fe(P2), - - - has the limit f(P). 


NATIONAL UNIVERSITY OF PEKING, PEIPING, CHINA 
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THE NUMBER SYSTEM AFTER DEDEKIND 
BY W. F. OSGOOD 


1. Introduction. The rational numbers (positive, negative, 
and zero) having been defined and the four species for them es- 
tablished, the creation of the irrational numbers is possible in 
a variety of ways, notably by regular sequences and by Dede- 
kind’s cut. 

The first method is, perhaps, easiest for the beginner. The 
fundamental principle of limits once being accepted in the form 
of the definition of a regular sequence, the detailed develop- 
ments proceed smoothly, and the system of real numbers is 
evolved satisfactorily.* 

Complete as this method is, there are mathematicians who 
feel that the definition of irrational numbers by means of the 
cut is essentially simpler, more elementary, for it creates these 
numbers before the concept of a limiting process is introduced 
and thus provides the elements for point sets before any infinite 
process has been defined. 

Addition and subtraction are defined in the simplest manner 
possible on the basis of the cut. If A =(a;, a2) and B=(h, be) 
are any two numbers, then C=A-+B is the number 


(c1, C2) = (a + bi, de + be). 


But multiplication cannot be defined in the same way. One 
would like to define C=AB as the number (ci, C2) = (abi, debe); 
but this is impossible since the fractions a:5;, d2b2 do not yield 
a cut. True, one can introduce the positive irrationals after the 
positive fractions, and before the negative numbers and zero, 
have been defined. The above definition of multiplication as the 
product of two cuts is now possible. The definition of negative 
numbers goes through exactly as before, and the system of real 
numbers is complete. We have lost, however, the earlier defini- 
tion of a real number as a cut, and this is too high a price to pay 
for the simplified definition of multiplication. 








* Pierpont has given an excellent exposition of this method in his Functions 
of Real Variables, vol. 1, pp. 31-61. 
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2. The Way Out. There is, however, a way out, which is pro- 
vided by the conception of the limit set forth in Mr. Hsii’s 
paper.* It has already been remarked that as soon as the system 
of real numbers has been created through the definition of the 
cut, and <, =, > have been defined, the basis for a theory of 
point sets has been provided, even before addition, to say noth- 
ing of multiplication, has been defined. In particular, it is possi- 
ble to define the /imit of a point set. 

By the neighborhood of a point (=number), A = (ai, a2), shall 
be meant the numbers x such that 


W1<X<Y2, 


where y; is a number <A and y2isanumber >A. 
By the e-neighborhood of A shall be meant the neighborhood 
for which 
i= (a,—€, a2—€), Y2=(aite, a2+e), 
where € is any positive fraction. 


3. Definition of Convergence. Let Mi, Me, - - - be a succession, 
or sequence, of point sets. Then this sequence is said to con- 
verge if to an arbitrary fraction e >0 there corresponds an integer 
m and a point ¢» of the set M,, such that the e-neighborhood of 
€m contains all the sets M, for which m <n. 


THEOREM 1. Let M,, Me,--- be a convergent sequence. Then 
there exists one and only one point 


u=(Uy, Ue) 


such that an arbitrary ¢-neighborhood of U contains each M,, 
m <n; and conversely. 


4. Definition of a Limit. Let M,, Mo, - - - be aconvergent se- 
quence. The number U related to it by Theorem 1 is defined as 
the limit of the sequence: 

U = lim M,. 
n= 

THEOREM 2. Let M,, Meo, -- - bea convergent sequence. Let N,, 
be composed of some or all the points of M,. Then the sequence 
Ni, Neo, - - - is convergent, and its limit is equal to the limit of the 
sequence M,, Me,---. 








* This Bulletin, vol. 41 (1935), p. 502. 
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5. Definition of Multiplication. Let A = (a1, a2) and B= (dy, be) 
be any two numbers. Let 


Qa2642:-°:-, lim e, = 0; 
n= 0 

ee | ee lim 7, = 0, 
n= 0 


be two sequences of positive fractions. Let M, be the point set 
composed of the fractions a,b,, 


M,: aaa, 


where a,, (p=1, 2), is any fraction of the ¢€,-neighborhood of A, 
and b,, (¢=1, 2), is any fraction of the 7,-neighborhood of B. 
Then the sequence Mi, M2, - - - converges, and its limit is de- 
fined as the product AB: 


AB = lim {ayb,}. 


That multiplication obeys the commutative law, AB=BA, 
is at once obvious. The associative law is easily established by 


means of the sequence Mj, M/,-- - , where C=(c, cz) is any 
third number and M,’ is composed of the fractions a,5,c,, 
Mi: {a,becr} , 


c,, (r=1, 2), being any fraction lying in the X\,-neighborhood 
of C. Here, 


a pe See lim d, = 0, 


n=o 


is a sequence of positive fractions. The sequence Mj, M7, - - 
converges; and now it is shown without difficulty that its limit 
has the value (AB)C. But the limit is obviously invariant of 
the order of the factors a», bz, c-. Hence it also has the value 


(BC)A = A(BC). 
Division is now shown to be possible and unique, except when 
the divisor is zero. 


Tue NATIONAL UNIVERSITY OF PEKING 
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FURTHER NON-INVOLUTORIAL CREMONA SPACE 
TRANSFORMATIONS CONTAINED IN A SPECIAL 
LINEAR COMPLEX* 


BY AMOS BLACK 


1. Introduction. In a series of papers by Snyder,f Carroll,f{,§ 
and the author, ||, involutorial transformations were defined 
by means of a correspondence between the surfaces of a pencil 
and the points of a rational curve. The purpose of this paper is 
to apply similar methods to certain non-involutorial transforma- 
tions. 


2. Definition of the Transformation. Given a line d and two 
pencils of surfaces | F,| and | F{-| of orders and n’ which con- 
tain d as an (nm—1)-fold and (n’—1)-fold line, respectively. 
Make the surfaces of each pencil projective with the points of d. 
A point P will determine a unique surface F,, passing through it, 
hence a unique point O ond and a unique surface F;,. The line 
PO cuts Fj, in one point P’ (other than O) which is defined as 
the image of P. 

Since P and P’ lie on a line which intersects d, any plane 
through d is transformed into itself. We shall find the plane 
transformation in an arbitrary plane through d and then gener- 
ate the space transformation by revolving the plane about d. 





3. The Plane Transformation. The intersections of an arbi- 





* Presented to the Society, December 27, 1933. 

+ Virgil Snyder, On a series of involutorial cremona transformations of space 
defined by a pencil of ruled surfaces, Transactions of this Society, vol. 35 (1933), 
pp. 341-347. 

t Evelyn Carroll, Systems of involutorial birational transformations contained 
multiply in special linear line complexes, American Journal of Mathematics, 
vol. 54 (1932), pp. 707-717. 

§ Evelyn Carroll-Rusk, Cremona involutions defined by a pencil of cubic sur- 
faces, American Journal of Mathematics, vol. 56 (1934), pp. 96-108. 

|| Amos Black, Types of involutorial space transformations associated with 
certain rational curves, Transactions of this Society, vol. 34 (1932), pp. 795- 
810. 

§ Amos Black, Types of involutorial space transformations associated with 
certain rational curves—composite basis curves, this Bulletin, vol. 40 (1934), pp. 
417-420. 
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trary plane through d with | F,|:d"— and | Fi,| :d"’— are two 
pencils of lines | 2| :V and {2’| :V’, respectively, where V and 
V’ are the vertices of the pencils. The lines of each pencil are 
projective with the points of d. Thus a point P determines a 
line / through it, a point O on d, and a line 1’. The point P’, the 
image of P, is the intersection of PO and 1’. 

The directions through V are perspective with the points of 
d which are projective with the lines |1’|. The conic c/ of inter- 
section of these two projective pencils is the image of V. 

Since there is a (1, 1) correspondence between the lines of | /| 
and the points of d, there are two coincidences, hence two lines 
l;, ls which pass through their respective associated points 0,, 
Oz. Let us call the associated lines of {2’| , li and ly , respectively. 
If we choose P as an arbitrary point on /;, its image is P/ , the 
point of intersection of J; and 1/. If we choose P at O, the line 
PO, is indeterminate. However, we may readily find the image 
of O, from the inverse transformation. If we choose P’ as an 
arbitrary point on 1 , then P’O, intersects /; in O:. Thus O,; has 
for image the whole line /'. Hence /3: VO,P{ ~c¢1{ Pj. Simi- 
larly 14: VO.P? ~c¢l¢ P?. Beginning with V’ and {7’| = aR Se 
similar manner we find 13: V’O;’Pi~cohP; and 11: V’O?d Pe 
~ColoP o. 

There are no other fundamental points or curves, hence the 
plane transformation is the well known 73: 174!. 


T3:V?0,02P,P2, Ti :V"0{0!P} Pi, 
To = Calrlolsls, Jé = chil, 

V ~ cf: VV'O{O! Pi Pi, V’ ~ 02: VV'0\02P;P2, 
O.~ii:V'P!, Of ~h:VPy, 

O,~ Id :V' PE, Of ~ le:V Ps, 

Py ~ li :V'O! Py, P! ~13:VO,Pi, 

P,~ If :V'OL Pe, PL ~ iq: VO_P! . 


The invariant curve is the conic ke, the intersection of the two 
projective pencils |/|, |/’|. Hence ke: VV’PiP2Py P?. 


4. The Space Transformation. Since the space transformation 
is generated by the plane 73, except for orders, we can immedi- 
ately determine the surfaces of the space transformation. As 
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we revolve the plane of 7; about d, the points Oi, O2 generate d. 
Hence // , // generate a surface L’ which is the image of d. The 
points P;, Ps generate a curve 6, whose image X’ is the locus of 
lj , 1{ . The vertex V generates the residual basis curve y of the 
pencil | F,,|, and the image I’ of y is the locus of cy. In a similar 
manner 6’, L, X, I’ are obtained. The locus of ke is the invariant 
surface K. 

Since the sections of all the surfaces of the space transforma- 
tion with a plane through d are known, except for the multi- 
plicity of d, whatever the values of m and n’ may be, there is 
no advantage in having m and n’ large. We shall set up the 
analytic work for n=n’ =2. 





5. Equations of the Transformation. Let the equations of d 
be x1 =0, x2=0, and let the coordinates of a point on d be given 
by O(0, 0, A, 1). Also let 


(1) | H(x)| = Hi(x) — d(x) = 0, 
(2) | H’(x)| = Hi (x) — Ai (x) = 0, 
where 

Ay(x) = x(x) + xote(x), H2(x) = x0;(") + xeve(x), 
Hy (x) = xyuj (x) + xouz (x), Hz (x) = xvi (x) + xevg (x), 
u(x) = Do ai;x;, v(x) = Do diix;, 

ui (x) = 2) aijx;, vf (x) = Do diss, 


for i=1, 2 and j=1, 2, 3, 4. Since the parameters of the points 
of d and the surfaces of (1) and (2) are identical, the forms are 
projective. 

The surface of (1) passing through P(x) gives \=Hi/Ho, 
where H, = H,(x) and H.=H2(x), and the associated point on d 
is O(z) = (0, 0, Hi, H2), and the associated surface of (2) is 


(3) H2H{ (x) — HiH{ (x) = 0. 
The coordinates of any point on the line PO are given by 
(4) af = px, + 2, (4 = 1, 2, 3, 4). 


Substituting from (4) in (3) gives p=L;/K4, where 
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Ls = H? (airs + a24%2) + HiHe(aisx1 + dears 
(5) <= bist = bog) — H? (bisx1 + b23x2) , 
K,4 = H.H{ on A.AZ. 


The equations of the transformation are 
(6) Ts: xf = xs — Kyi, (4 = 1, 2, 3, 4). 


It is evident from the form of the equations of 7, that K,=0 is 
the surface of invariant points, and that L;=0 is the image of d. 

Any arbitrary plane 7 through d is the tangent plane of two 
surfaces of | H’(x)| at points on d. The two points of contact are 
the points O/ , O/ of the plane 7; in z. The intersections of x 
with the two surfaces of | H (x) | associated with Oj , O/ are the 
lines /{ , 14 and the intersections with the associated surfaces of 
| H(x) | are the lines /;, Jz. Since L; is the locus of 1;, le, then the 
elimination of \ between the equations of the tangent plane of 
a surface H’(x) at its associated point O and the associated sur- 
face H(x) gives Ls. 

The tangent plane of H’(x) at its associated point O is 


[aish + aig — A(bisd + bis) |x 
+ [a2sd + a24 — d(b2s\ + Bo) ]x2 = 0. 
The elimination of \ between (7) and (1) gives L;. Similarly, 
since the locus of /} , 1/ is X¢ , then the elimination of \ between 
(7) and (2) gives X¢, or 
Xf = Hd? (aiaxr + agxe) + Hi He (ais: + assxe 
= bist oa b2422) Se Hi? (bisx1 + bosx2). 


(7) 


(8) 


Since any quadric of | H’(x)| is transformed into the associ- 
ated quadric of | H(x)|, the equation of the image of y/ may 
be found by transforming H/ (x). Hence Hy (x)~H,L;I's, where 


T; = [Hi (ais%1 + dog%2) — Ai (bi4%1 - bo4x2) |H2 
So [Hi (41341 =F Q23%2) — H{ (b131 iE beste) |H1. 
In a similar manner we may write the equations of 
(10) Ti: u=allit+Ke!,  (i=1,2,3,4), 


where (z/) =(0, 0, Hi, Hz) and Lg, X5, Tl are found from Ls, 
X,T; by interchanging primes and unprimes. 


(9) 
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The multiplicates of ys, v3, 5s, 6s on the various surfaces 
are known from 73, and the multiplicity of d can easily be 
verified from equations (5) to (10). Of the three tangent planes 
of any homoloid at any point on d, one tangent plane is the 
tangent plane of the associated quadric at the point. Thus the 
homoloidal surfaces have simple contact along d. Collecting 
these results, we have 


a plane bf Soid3t'ty2 55, a plane it SE d5*+'yJ25g , 
d~ L;:d*y?5s, d ~ Lg :d>y376¢ , 
v3 ~ Ts:d*ysy2 6s, ya ~ Ts :d*ysv3 és , 
bf ~ X5:d°73 5s , 5s ~ X5 :d*375s, 
K4:d7ysy3 5968 . 


6. Special Cases. A pencil of quadrics whose base is a line 
and a twisted cubic contains two cones. In general, the vertex 
of the cone is not at its associated point in our projectivity. 
Whenever the vertex and the associated point coincide we have 
a special case. 

Case 1. Suppose 6};=52;=0. Then H4 (x) is a cone with ver- 
tex O/ (0, 0, 1, 0), and from (2), we see that the vertex and 
associated point coincide. In the pencil |/’| of the plane 73, one 
line is a generator of the cone, hence passes through its as- 
sociated point O/. The image of Oy is the line 1; of Hz lying in 
this plane. The image of the generator is Pi, the point of inter- 
section of the generator and /;. But as the plane is rotated about 
d, the point O/ remains fixed, /; generates H2, and P; generates 
a twisted cubic 63. Thus, in space, Oi ~He, and Hz ~63. How- 
ever, the other incidence point O/ varies and generates d, and 
P. varies and generates a rational curve 65. It is easily seen from 
(5) that if b};=b:;=0, then L;=H2L3, and from (8) that 
XZ =H? Xj. Then, in this special sense, in Tf an isolated funda- 
mental point O/ with image Hz is added, and in 7, the funda- 
mental curve 6s is composite with 6;~H? and 6;~X3. 

Case 2. If a cone of | H’(x)| has its vertex at its associated 
point and also a cone of | H(x) | has its vertex at its associated 
point, but the vertices are distinct, then we have the specializa- 
tion of Case 1 in both transformations. That is, both 7; and T¢ 
have an isolated fundamental point on d, and both 63 and 6g 
are composite. 
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Case 3. Let | H(x)| and |H’(x)| both have a cone with ver- 
tex at its associated point, and let the vertices coincide. Let the 
associated point be O(0, 0, 1, 0) and let the cones be Hz and 
Hi. Then },3=be3=bi;=63,=0. In the plane 7; this means 
that O,, Oi, P:, Pi all coincide with O and that /,=];, lf =1. 
In space L<=Her,. X;5=A2Xs, Lé =Hj Li 9 XZ = Hs Xf. 

Since O2, O27 , P2, PZ, V, V’ are variable, then as the plane of 
T; is revolved about d, these points generate d, d’, 5s, 53, Ys, 
3, respectively, and their respective images are L;, L3, XZ, 
X3, Ts, T's. The point O is fixed and O2 Hi and OZ H:. The 
two cones Hz and Hy? intersect in d and in three other lines /;, 
(1=1, 2, 3). Each of these lines is parasitic; hence 6;=6; =3l. 

Case 4. Let | H’(x)| have two cones with their vertices at 
their associated points. Let the two cones be Hz with vertex 
Oy (0,0, 1,0) and H/ with vertex O/ (0, 0, 0, 1). Then we have 
bis =b’s =ai4=a24=0. We find L;= H,Her, X/ = H{ Hi 1, where 
T = G43X1+023%2— bi4x1 — ba4xX2. Then the equations of T; may be 
written in the form 


(11) xf = x;H\Her — Kai, (i = 1, 2, 3, 4). 


As we would expect from Case 1, Of ~H2, Of ~M, Hi ~5:;, 
H! ~53. 

As we rotate the plane 73 about d the points O/, O?7 remain 
fixed, so apparently no other points of d are fundamental, and 
hence d has no image; yet from the form of equations (11) the 
plane z is the image of d. The plane 7 is the tangent plane of 
every surface of |H’(x)| at its associated point. Hence in the 
plane 7; in plane x, every line of |/’| passes through its as- 
sociated point. Therefore, in plane 7, dr and +462, where 
5, is the conic of intersection of the two projective pencils in 7. 

Then in 7% we introduce two isolated fundamental points, 
O/ with image H» and O/ with image H,, and d~7z; while in 
T, the curve 5s becomes composite, consisting of 53, 53, 52 with 
images Hz, Hj , 7, respectively. 

We may have combinations of Cases 1, 3, 4 just as Case 2 
was a combination of a Case 1 with a Case 1. 


7. Special Cases due to Composite Basis Curves. The only way 
in which y3 and y3 can be composite is that the composite curve 
consist of a line, or lines, meeting d and a residual curve. 
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Case 5. Let ys=yi72, where yi:%1=0, x3=0 and [y, d] 
= (0, 0, 0, 1). Then Q22 = bee = 24 =b24=0, and ry =yI{, 
Xs5=yiX4. No other surfaces of either 7; or Tf are composite. 

Let us consider the plane 7; in the plane y,=0. The lines 
¥:, d form the complete intersection of any H of | H(x) | with the 
plane. Call the associated point of the composite H, of which y, 
is a component, O. Fix a point P on y;. The line PO meets Jo’ 
in a point P’, the image of P. As O traces d, P’ generates a 
conic ¢2:PV’O{O/. As P traces yi, cz generates the plane 4. 
Hence yi~ the plane. Consider an arbitrary point Q of the 
plane. The H determined by Q is composite and O is the as- 
sociated point. The line QO meets /9’ in Q’, the image of Q. Then 
the whole line QO transforms into Q’, and the whole plane 
transforms into /g’. Thus the curve 6; is composite and consists 
of 6f =J9' anda 6;. 

If y; consists of a line y: meeting d and a conic 72, then 
necessarily 6% consists of a 6/7, and a line 6; in the plane of 
yi, d; and the plane is a principal surface for both T, and T¢. 

Case 6. If 73 consists of two lines each meeting d, and a third 
line skew to d, then the two planes determined by the two lines 
and d are principal for both 7; and T¢ , and 6 consists of a 6¢ 
and two lines, one in each of the principal planes. 

Case 7. If ys= i172 and yi =yi yz, but 71 and yj lie in dif- 
ferent planes, then each plane is principal in both 7, and 7¢, 
and 6 = 6/6 and 63= 676. 

CasE 8. If ys=yiv2, ¥3 =¥i v2? and yi, yi lie in the same 
plane but meet d in distinct points, then the result is the same as 
in Case 7 except that y:= 6, and yi =6/. 

The restriction that 71, yi meet d in distinct points is not 
necessary. If they meet d in the same point, or even coincide, 
the associated points O, O’ of the composite quadrics are, in 
general, distinct, hence the results are the same. 

There may be special cases due to combinations of cases of 
§6 with cases of §7, but nothing new is added. 

The line d may be replaced by a conic 72 or a twisted cubic 73 
with the restriction that transformations exist for n=n’=2 
only. However, the transformations are of the same form as the 
above, and no new results are obtained. 
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SPACE INVOLUTORIAL TRANSFORMATIONS OF 
THE GEISER AND BERTINI TYPES* 


BY L. A. DYE 


1. Introduction. One form of generalization of a plane involu- 
tion is a space involutorial transformation in which each plane 
of a pencil is invariant and in each such plane there is a plane 
involution of the same type. Particular examples of this for 
Geiser and Bertini involutions have been given by Carroll, 
Snyder and Lehr,{ and Sharpe and Dye.§ I shall discuss a more 
general form for space involutorial transformations arising from 
these plane involutions by means of a mapping on a cubic sur- 
face.|| The Bertini transformation obtained has the signature 


120n+34+6¢t 


Th20n451:! + (O, 0) 


120n+40 


6 
+ Cian+6; 
the Geiser transformation has the signature 


OE alas rs aa 4+ °, 

2. The Geiser Transformation. In an involutorial space trans- 
formation of the Geiser type, let x;=)x3 be the equation of the 
invariant pencil of planes, and let J¢ be the Geiser involution 
in the plane x,=Ax3. Choose one of the fundamental points of 
Ig as O=(1, X, 0, 0) on the line J=x3;=x,=0, and map the Ig 
on a cubic surface F; by means of the bilinear 73.3 defined by 
the matrices 


(1) || (ainys) (ai2yi) (aisyi) (aisy;)|| , 
(2) || (a1i2,) (d2i%i) (a3i%4) (a4;x;)| 





bd 





* Presented to the Society, December 27, 1934. 

7 E. T. Carroll, American Journal of Mathematics, vol. 54 (1931), pp. 707- 
717, and vol. 56 (1934), pp. 96-108. 

t V. Snyder and M. Lehr, American Journal of Mathematics, vol. 53 (1931), 
pp. 186-195. 

§ F. R. Sharpe and L. A. Dye, Transactions of this Society, vol. 36 (1934), 
pp. 292-305. 

|| For a discussion of the mapping of a Geiser or a Bertini plane involution 
on a cubic surface, see H. F. Baker, Principles of Geometry, vol. 6, pp. 122-130. 
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where here and in the rest of the paper only the first row of de- 
terminants and matrices is written; the second and third rows 
are obtained by replacing a;; by b;; and c;;, respectively. To 
the plane x; =x; corresponds the surface 


(3) F3 = | (airyi) (ai2¥i) (ais yi) 





= 0, 


where a/3=ai3+Aau. The point O goes into the point P=(D;), 
where the D; are the third-order determinants of the matrix 
la}, @, G3, ay||, and where aj =aa+dae. The image of the 
line ] is the cubic curve C;=||(aiayi) (aey;)|| =0. The pairs of 
corresponding points of the Geiser involution Jg¢ on the sur- 
face F; are determined by the pairs of intersections with F; of 
lines through P. 

In the Jg on F; the image of P is the cubic curve cut from F3 
by the tangent plane p at P. The equation of p is 


(4) | (anys) (ai2Ds) (aisD,)| = 0. 


The quadric cone H through C; with vertex at P has the equa- 
tion 


(5) | (ai19:) (a;2y;) (ai2D;) | =0, 


and meets F; in a residual cubic which is the image of C3. The 
invariant curve of the J¢ is cut from F3; by the polar quadric of 
P with respect to F;. This quadric K has for its equation 


(6) | (ays) (ai2D,) (aisyi) | +| (ainyi) (aizyi) (aisD,)| = 0. 


If ai;, b:;, and c;; are polynomials of order 1 in X, and if X is 
replaced by x;/x3, then the surfaces y;=0 in the (x) space are 
of order 3n+3. These surfaces have / as a 3u-fold line and con- 
tain a curve Cien4¢6 of order 12”+6, of genus 24n+3, which 
meets / in 12m points. Since any plane through / is invariant 
under the Geiser space transformation, there is a pencil of homa- 
loidal surfaces consisting of the pencil of planes through / and 
the images of / and O. The equations of these image surfaces are 
obtained by replacing y;in the equations of H and p by the third- 
order determinants of the matrix (2). Since H, p, and K are of 
orders 12n+3, 12n+7, and 12”+4 in X, respectively, they cor- 
respond to surfaces of orders 12n+8, 12n+10, and 12”+10. 
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The table of characteristics of the space involutorial transforma- 
tion Jo5n419 can now be written: 


2n+7+2t 12n+9 


O~ Ficutl +O + Crenis, 


12n+3+t 12n+4 


l~ F jonis 3 +O + Oy 


60n+26+6¢ 60n+32 


7 
Cionts ™ F 6on+44:1 +0 + Cizn+e, 


24n+11+3t 24n+14 


Si~ Seinsigil +O + reins 


12n+4+2¢ 12n+6 


= 2 
K j2n+10:1 +0 + Crenis, 


where the coefficient of ¢ indicates the number of fixed tangent 
planes at a point of /. The image of the Ci2,+¢ is obtained by ap- 
plying the transformation to an Sosn419. 

The parasitic lines of the transformation consist of the tri- 
secants of Ci2.4s which meet /, and the bisecants of Ci2n46 which 
pass through O. The number of trisecants of a C, which meet a 
line / having 7 intersections with C,, is* 


(m — 2)[h — m(m — 1)/6] — i(h — m+ 2) + i(i — 1)(i — 2)/6, 


where h is the number of apparent double points of C,. The 
number of trisecants of Ci2.4¢6 which meet | is 24n+8. In order 
to obtain the number of bisecants through O, it is necessary to 
set up a correspondence. Given a point yw on the line /, there 
are h’=h—12n(12n—1)/2=36n+7 bisecants through it which 
determine h’ planes \. Given a plane \ through / there are six 
intersections of Ci2,;¢ with it not on / and hence fifteen bise- 
cants which determine fifteen points uv. In the (A, w) correspond- 
ence there are h’+15=36n+22 coincidences. There are then 
36n+22 bisecants of Ci2.4¢ which meet O, and the total num- 
ber of parasitic lines is 60”+30. 

Let ¢ be the number of parasitic conics of the transformation, 
and let 7 be the number of parasitic cubics. The complete inter- 
section of two surfaces of the web of Sosn419 is made up of 


(24n + 19)? = 24n + 19 + (24n + 11)? ++ 9 + 9(12n + 6) 
+ 60n + 30 + 8 + 27n 





*L. A. Dye, this Bulletin, vol. 41 (1935), pp. 109-110. 
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curves, and the complete intersection of an Ses.419 and the 
Kyen+10 is made up of 


(24n + 19)(12” + 10) = 12m + 10 + (12n + 4)(24n + 11) 
+ 6 + 6(12” + 6) + 60” + 30 + 4¢ + 9 


curves. The solution of these equations is {=24n+16, n=0; 
therefore there are 24n+16 conics and 602+ 30 lines of the sec- 
ond species in the Je4n419. 


3. The Bertini Transformation. The methods of the last sec- 
tion are now used to study an involutorial space transformation 
of the Bertini type. Let the invariant pencil of planes have the 
line /=x;=x,=0 as axis. In a plane x4=Ax; let O=(1, pu, 0, 0) 
and O=(1, —y, 0, 0), (u2=A), be two fundamental points of 
the Bertini involution J, in the plane. The Jz is mapped on the 
cubic surface (3) by means of the 73-3; defined by the matrices 
(1) and (2). The images of O and O are P=(D;) and P=(D,); 
D; and D; are the third-order determinants of the matrices 
Jatr @m a3 all, |{dir Ga G dul], where ay=aatpae and 
Gi, =, — pa. The image of / is the C; given by the matrix equa- 
tion || (aiy;) (aizy;)|| =0. 

The tangent planes to F; at P, P are p, p and they have as 
equations 


p =| (ai ¥s)(din Di) (aisD,) | = 0, 
B =| (dia Dd (Ga ys) (ais Di) | = 0 
We now define two numbers d, d as follows: 
d = p(D;) =| (a Di) (@aD;i) (ais D3) |, 
d = BD) =| (ais Di) (GisDi) (ais) |. 


The residual intersection R of the line PP with F; has as co- 
ordinates (dD;—dD;). The equation of the tangent plane to 
F; at Ris 
r=a@p+ dp — dd{ | (ai1 vi) (@i Di) (a';3Di) | 

= | (ai Di) (a1 yi) (ai3D;) oF |(ai1 D;) (aD) (ais yi) 





}= 0. 


The pairs of corresponding points in the Bertini involution 
Jz on F; are cut out by the conics tangent to F3; at P and P. 
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The image of P in Jz is the sextic cut from F; by the quadric 
having contact with F; at P and contact of the second order at 
P. Its equation is 


H = d@d{| (ainy:)(GD;)(aisy) 
+ | (airy) (Girys) (ai. 


similarly the quadric which determines the image of P has the 
equation 








H= d?d[ | (aixDi) (Gi yi) (ais yi) | 
+ | (ain yi) (Ginys) (ais Di) l] + pr=0. 


The cubic curve C; corresponds to a cubic cut from F; by the 
quadric through C; and touching F; at P and P. This quadric 
has the equation 


Palkia 


where A, B, C are the second-order determinants of a two 
column matrix whose columns are made up of the second-order 
determinants of the matrix || (ajDi) (ai3D;)|| and the matrix 
(aD) (a3D;)||. The web of quadrics which touch F; at P 
and P cuts F; in a web of sextic curves of genus two which is 
invariant under Js. The locus of an additional point of contact 
with F; of quadrics of the web is the invariant nonic of Jz. It 
lies on the cubic surface K which has the equation 


pH — pH = 0. 


If the a;;, b;;, and c;; are polynomials of order 7 in X, the sur- 
faces H, H, L, and K are of orders 48n+13, 48n+13, 24n+6, 
and 36n+9 in \. When ) is replaced by x;/x3, then as in §2 we 
can write the table of characteristics of the involutorial space 
transformation Jj29.451 as follows: 

i~ Pil FOO 4 Cinees, 
=. n+26+5 oe n+ 4 
(0,0)~ Fossa: + ,0)"" + Cisse, 
n+7 264n 13 
. pret +, 0) 264n+88 re Pe. 
20n _ n+ 6 
Sin Si20n451: 7 bisa te (O, 0)" pene =< Cieni6, 
sf 


36n+9+3t 36n+12 


+ (0,0) blac 


Crone = F o64n+-112: 


K36n+ 18+ 
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The parasitic lines of the transformation are of three types. 
(a) There are the 24n+8 trisecants of the Cien4s. (b) The bi- 
secants of Ci2,4s through O or O are parasitic. In a plane \ 
through / there are fifteen bisecants through the six points of 
Ci2n+6 not on /, which determine fifteen points uw on /. Given a 
point uw on / there are h’=36n+7 bisecants of Ci2n4¢ through it 
which determine h’ planes X. In the (A, u) correspondence there 
are 15+2h’, (2h’, since wu? =X), coincidences, or 72n +29 positions 
of the points O, O such that bisecants of Cion+6 may be drawn 
through them. (c) In each of the 12” planes determined by / and 
the tangents to Cien45 at its 12m intersections with /, the Bertini 
involution in the plane breaks down, and the line / is shed off. 
Hence there are 12m parasitic lines consecutive to / in these 12” 
planes. The total number of parasitic lines is 108” +37. 

To determine the number of parasitic conics and cubics we 
take the complete intersection of two Sj2n451 and an Sj20n451 
with K36n+18- 


(120” + 51)? = 120m + 51 + (120n + 34)? + 36 + 36(12” + 6) 
+108” + 73 + 8t + 277, 
(120n + 51)(36n + 18) = 36n + 18 + (36n + 9)(120n + 34) 
+ 18 + 18(12” + 6) + 108” + 37 + 4¢ + 9. 
The solution of these equations is {=144n+47 conics and 
n=84n+27 cubics. The fundamental curves of the second 


species of the involutorial transformation J)2n451 consist of 
1082+ 37 lines, 144n+47 conics, and 84n+-27 cubics. 
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SOME THEOREMS ON DOUBLE LIMITS* 


BY J. D. HILLT 


1. Introduction. Let f(x, y) be an arbitrary single-valued real 
function of the real variables x, y defined in the neighborhood of 
a point Q(a, 6), which for simplicity may be taken as (0, 0). The 
following sufficient (and obviously necessary) condition for the 
existence of the double limit 


(1) lim f(x, y) 
x0 
y0 

has been established. 


THEOREM 1 (Clarkson).{ Jf f(x, y) has a unique limit as 
P(x, y) approaches Q on every curve having a tangent at Q, the 
double limit (1) exists. 


The present note is concerned with similar theorems, and for 
definiteness we state at the outset that the assertion, “f(P) has 
a limit \ as PQ on a point set§ E having Q as a limit point 
(or limp.g f(P) =X, on E)” shall mean that for each e>0 there 
exists a positive 6(e, E) such that | f(P) —n| <e for all points 
P of E satisfying the condition 0<|x| +] y| <6. 

Theorem 1 naturally suggests a question which is answered 
by Lemma 1, for convenience in the statement of which we 
introduce the following definition. 


DEFINITION OF Property L. A class {E} of sets E, each 
having Q as a limit point, will be said to have Property L if 
and only if any set S whatsoever of points having Q as a limit 





* Presented to the Society, April 19, 1935. 

+ I gratefully acknowledge my indebtedness to Mr. Hugh J. Hamilton for 
suggesting Lemma 1, and to Mr. Nelson Dunford for Theorem 5. 

¢ Clarkson, A sufficient condition for the existence of a double limit, this 
Bulletin, vol. 38 (1932), pp. 391-392. A theorem essentially the same has been 
proved by Veréenko and Kolmogoroff, Uber Unstetigkeitspunkte von Funktionen 
zweier Verdnderlichen, Comptes Rendus, Académie des Sciences, URSS, new 
series, vol. 1 (1934), pp. 105-107. 

§ In particular, on a curve. 
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point has a subset S* which is contained in some one of the 
sets E and has Q as a limit point. 


LemMA 1. A necessary and sufficient condition that the relation 
limp_of(P) =X on every set E of a class {E} shall imply the exist- 
ence of (1) is that {E} have Property L. 


This lemma, whose proof we leave to the reader, provides a 
criterion for determining whether or not an analog of Theorem 1 
holds for other classes of curves or point sets. 


2. The Class of Curves {&%}. Let $(s)=)> n-12,5", ¥(s) 
=)-*_:b,s" be any two real power series with positive radii of 
convergence (say) pa, ps, respectively, and let p be chosen so 
that 0<p<min (pz, p,). Then the equations 


(2) x = ¢(s), y= v(s), (|s| <p), 


define a curve & through Q. We denote by { %} the class of all 
such curves. 


THEOREM 2. The existence of a unique limit for f(P) as PQ 
on every curve of {%} does not imply the existence of (1). 


Proor. Let us assume the contrary, which implies that {a} 
has Property L. We choose S as the set of points on the curve 
y=e-" for x>0, and proceed to show that the definition of 
Property L is not satisfied. Suppose that there exists a curve 
%* of | A} and an infinite subset S* of S of points (£,, 7.) —>(0, 0), 
such that S* lies on &*. Then if (2) is the representation of %*, 
there must exist at least one value of s, say o,, for which $(¢,) 
=£,, W(o,) =n, (n=1, 2, 3, ---). Let X be any limit point of 
the sequence {o,}, and let {s,} be a subsequence of {¢,} such 
that s,—A as n—%. If | (xn, yn)} is the corresponding subset 
of {(é,, nn) }, we have 0<x,=9(s,)—0, and 0<y,=Y(s,)—0, 
whence by continuity ¢(A) =y(A) = 0. Consequently, in view of 
the relation |r| <p<min (pz, p»), o(s) and p(s) have expansions 
of the form 


o(s) = D> an(s — d)*, (u 2 1,a, # 0), 


(3) 6 
¥(s) = >> B,(s — A)", (»y = 1,8, ¥ 0), 


n=v 
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for |s—A| sufficiently small. Choose an integer m to satisfy the 
inequality mp >v, and consider the equation 


(on) en llzn? 
[o(s.)]™ 2.” 


which is implied by S* c %*. Using (3) one sees that the left 
side increases without limit as n>, while the right side tends 
to zero. This contradiction completes the proof. 





’ (s = 1,2,3,---), 


3. The Class of Curves {%,}. Let r be a preassigned real num- 
ber, or ©, and denote by { r,} the class of all single-valued func- 
tions of z(=s+#), each of which (i) is analytic in the extended 
plane except for a singularity at z=r, (ii) vanishes at z=0, and 
(iii) is real on the real axis. Then about z=0 each function in 
{T,} admits a power series expansion with real coefficients 
whose radius of convergence is |r|. Let { II,} be the class of all 
such power series, and let {%,} be the class of all curves %, 
through Q each of which is defined parametrically by 


(4) x = ¢(s)= Dias", y=¥(s) = 27 b,5*, 


n=1 
where the power series belong to the class {II, } : 


THEOREM 3. For each fixed r, (0< | r| <0), the existence of a 
unique limit for f(P) as PQ on every curve of {8,} implies the 
existence of (1).T 

This theorem is an immediate consequence of Lemma 1 and 


the following two lemmas, the first of which may be regarded 
as evident. 


LEMMA 2. Corresponding to each enumerable set E there exists 
a set G of points (Xn, Yn) with ECG and |xn|,|yn| <n, (n=1, 2, 
: ee 

LEMMA 3. Corresponding to each enumerable set E there exists a 
curve 8, of the class {B,} which passes through every point of E.t 


Proor. Setting 





t It is worthy of note that, by Theorem 2, the existence of a unique limit for 
flo(s), ¥(s)] as s, (|s| <r’ <r), tends to zero for every curve of {B,} does not 
imply the existence of (1). 

t It may well be that this lemma or something like it is known, but we have 
been unable to locate it in the literature. 
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w? 2m? sin rw 
gu(w) = (- + TT (1 - “)=- pe 
mae a] aww(m? — w?) 
we have for m=1,2,3,---, 
| gm(w) | < 2e*lvl?, where k = ye i/s*, 


(5) 
Sm(t+m)=1, go(tn)=0, (mAn=1,2,3,---). 


We first assume r finite; let p=|r| and yu be the greatest integer 
<1/p. Then there exists a o satisfying the relation 


(6) pm—-1>0>0, (m=pt+i,up+2,---). 


We define expressions c, by the formula 


(7) Cm = 1/[m*(pm — 1)], (m=yn+1,n+2,---). 

By L emma 2 there exists a set G of points (£,, 7,) with G> E and 

lal | |n.| <n, (2=1, 2, 3, -). Letting m=p+n, xm=£n, 
=, (#=1, 2, 5S, - ae "ea 

(8) |aml, |ym|<m—uSm, (m=yn+1,n+4+2,---). 





From (5), (6), (7), (8), we obtain 
| cmimEm(W) |, | Cm¥mSm(w) | S 2e*ll?/om, 
which shows that each of the infinite series 
(9) F,(w) = = CmXmZm(W) F.(w) = » CmV mE m(W) 
m=p+1 m=p+1 


converges uniformly in any finite region, and accordingly repre- 
sents an entire function since g,,(w) is entire. Moreover, since 
G may be assumed to include a point not on either axis, it is 
evident from the definitions of c, and g,,(w) that neither F,(w) 
nor F2(w) is a constant. Consequently 


(10) F3(w) = — w(rw + 1)Fi(w), Fi(w) = — wi(rw + 1)F2(w) 


are entire functions with singularities at w=. By means of the 
transformation 


(11) w=1/(2-7), 
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F;(w), Fs(w) are transformed respectively into functions ¢(z), 
¥(z) which belong to {I} and thus determine a curve %,* of 
the form (4). Finally [using (11), (10), (9), (7), and (5)] we ob- 
tain for n=y+1,u+2,--- 


o(r sta 1/n) = Xn, V(r — 1/n) = Yn; if r>0, 
o(r + 1/n) = x, ¥(r+1/n) = yn, if r <0, 


which proves that the curve %,* passes through each point of 
G; E being a subset of G, the lemma is established for the case 
of r finite. 

For r=, the functions 


(2) = 24 Do xmgm(2)/m*, = (2) = 2 DY ymBm(2)/me! 
m=u+1 m=yu+1 
which belong to {T.}, lead to the same conclusion if z is as- 
signed the values n=yu+1, w+2,---. 
In passing it seems of interest to mention the following corol- 
lary. 


Coro.iary. There exists a curve 8, of the class {B,} which 
passes through every point in the plane with rational coordinates. 


From Lemma 3 it is clear that the class {B,} has Property L; 
Theorem 2 then follows by Lemma 1. 


4. The Class of Curves {c}. Let F(x, y) #0 be a real, single- 
valued function of the real variables x, y which is analytic in 
some neighborhood of Q and for which F(0, 0) =0. Then F(x, y) 
=0 defines a curve € through Q. Excluding those curves for 
which Q is an isolated point, we denote by {€} the class of all 
curves © which remain. By employing a well known theorem of 
Weierstrass,{ together with an analog of the Puiseux method 
for algebraic curves, one may readily verify that for each curve 
€ of {€} there exists a neighborhood of Q in which all points 
of € lie on a finite number of curves of class {4%}. Combining 
this fact with the proof of Theorem 2 we obtain the following 
theorem. 


THEOREM 4. The existence of a unique limit for f(P) as PQ 
on every curve of {©} does not imply the existence of (1). 





{ Goursat-Hedrick-Dunkel, Functions of a Complex Variable, pp. 233 ff. 
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5. The Class of Curves {D}. Let {D} denote the class of all 
curves D representable parametrically as 


«x = x(s), y = ys), (0<s 1), 
where x(s) and y(s) have derivatives of all orders and x(0) 
=y(0) =0. 


TueoreM 5. If f[x(s), y(s)] has a unique limit as s tends to 
zero for every curve of {D } , the double limit (1) exists. 


Proor. Let S be any set of points having the point Q as a 
limit point, and let S* be a subset of points (x,, yn) tending to Q 


such that we have \x,|, | y| <e-’™ (n=1,2,3,---). If we set 
Ih=(1/2SsS1), and J,=[1/(n+1) Ss (2n+1)/(2n(n+1))], 
(n=2, 3, 4,---), then the equations x(0) =0, x(s) =xn4: for s 


in J,, define a function with a closed domain which can be ex- 
tended{ to the whole interval (0<s<1) in such a way that the 
extended function x(s) has derivatives of all orders. The func- 
tion y(s) is defined similarly. The corresponding curve D is such 
that the point [ x(s), y(s) ] approaches Q through the set S* as s 
tends to zero. This proves that |} has Property L, and estab- 
lishes the theorem. 


6. The Class of Curves {€}. Let {€} be the class of all curves 
€ through Q, each of which has, with respect to a properly 
chosen system of rectangular coordinates £, 7 with origin at Q, 
an equation of the form »=¢(£&), where $(&) is a single-valued 
function with a continuous, non-negative, monotonic increas- 
ing first derivative in a certain neighborhood of £=0 and 
’(0) =0. For a fixed system &, 7 denote by x(&, 7), y(&, 7) the 
coordinates of the point (£, 7) in the original system x, y. Con- 
cerning the class of curves {€} we have the following theorem 
which is an improvement over Theorem 1 to the extent that 
{€} is a proper subclass of the class considered by Clarkson. 


TuEoreM 6. If f[x(E, (€)), v(é, 6(£)) | has a unique limit as 
E tends to zero for every curve of {€ } , the double limit (1) exists. 


Proor. S being any set of points having Q as a limit point 
one readily sees by Clarkson’s reasoning that axes £, 7 can be 





t Whitney, Analytic extensions of differentiable functions defined in closed 
sets, Transactions of this Society, vol. 36 (1934), pp. 63-89, Theorem 1. 
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so chosen that every closed sector lying in the first quadrant and 
having the £ axis as one boundary will contain a subset of S 
having Q asa limit point. If S has a subset on the £ axis with Q 
as a limit point, the curve 7=¢(£)=0 of class {e} passes 
through a subset of S with the limit point Q, and the definition 
of Property L is satisfied. In the alternative case, we can, by the 
choice of axes, select a subset S* of S of points (£,, 7.) tending 
to Q, such that we have 


Oi Fo Ef 2. 0 < mari < te 2 
nn/fn > 0 as nO, 0 < 2Mns1/Ent < mn/(2En)- 


From these relations it follows that 


2nn41 Nn Nn — Nn+1 Ba Batt Nn < 2nn ‘ 
aoe a te, 
En41 Zé, En a. ip En41 (oe a En41 a 


hence o,=(n—n+1)/(En—£n41) tends monotonically to zero in 
the strict sense as n—%. Consider the sequence of functions 
¢,(£) defined as follows. Let $:(£) =nniiton(E—£n41) on the 
interval J,=(£.4i15£S£,) for m odd. For nm even, let ¢,(£) 
be any function on J, such that @n(&:41) =ns1, On(En) =n, 
Gn (Enzi +0) =Ony1, Gn (Exn—O)=On1, and such that ¢, (£) is 
continuous and increases monotonically from on41 to Gn_1 as & 
increases from £4; to &,. That such a function exists is clear 
from the fact that an arc of an ellipset can be found whose 
equation satisfies these conditions. 

In the interval —£ <&<&, let O(£) =0 for —&,< &S0, and 
let 6(£) =¢,(&) on T,, (n=1, 2, 3,--- ). Then it is easily veri- 
fied that the curve 7 =@(£) is of class {€}, and by construction 
it passes through the set S* as & tends to zero through positive 
values. This completes the proof that {€} has Property L, 
and establishes Theorem 6. 
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7 Such an ellipse is given by the equation 
[9 —an42—onsi€—Ens2)] [9-0 —on aE —En) ] —k [9 — 9041 —on(E —En41) |? =0, 


for each k> (on-1—On41)?/(4(On-1—n) (On —On41)). 
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THE RELATIVE CONNECTIVITIES OF 
SYMMETRIC PRODUCTS* 


BY MOSES RICHARDSON 


1. Introduction. The topology of the domain of discontinuity 
of a finite group of transformations operating on a complex, and, 
in particular, the topology of symmetric product complexes, has 
been studied by P. A. Smith? and the author.{ Following a sug- 
gestion made by Morse,§ we obtain in this note explicit formu- 
las for the so-called relative connectivities of the symmetric 
product of a complex in terms of its mod 2 Betti numbers, and 
we discuss an application of this result to the theory of critica! 
chords. First, however, we derive a more general result of which 
the formulas for the relative connectivities of symmetric prod- 
ucts is a special case. The methods used here follow closely 
those of S. 


2. Definitions and Preliminary Theorems. For proofs or fuller 
discussion of statements made in this section, the reader is re- 
ferred toSor R. 

Let K be a simplicial n-complex.|| Let T be a topological 
involution such that (a) 7 carries m-simplexes of K into m- 
simplexes of K; (b) if a simplex of K is invariant, it is pointwise 
invariant. 

The invariant simplexes of K form a subcomplex K°, and 
the non-invariant simplexes can be grouped in pairs so that each 
member of a pair is transformed into the other member by T. 
Thus the m-simplexes of K can be renamed E,’, E,' , E,°’ , where 
E,' =TE, , and E,°) is a simplex of K°. If§ C=#,E,! isa chain of 





* Presented to the Society, February 23, 1935. 

+ P. A. Smith, The topology of involutions, Proceedings of the National 
Academy of Sciences, (1933), pp. 612-618. (Denoted hereafter by S.) 

t M. Richardson, On the homology characters of symmetric products, Duke 
Mathematical Journal, vol. 1 (1935), pp. 50-69. (Denoted hereafter by R.) 

§ M. Morse, The Calculus of Variations in the Large, Colloquium Publica- 
tions of this Society, vol. 18, 1934, p. 191. (Denoted hereafter by M.) 

| Our general topological terminology and notation is that of S. Lefschetz, 
Topology, Colloquium Publications of this Society, vol. 12, 1930. 
© A repeated index indicates summation. 
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K, we define TC to be the chain C =1,;E,/ . The involution T pre- 
serves bounding relations. tf 

We consider only mod 2 topology; all homologies and equa- 
tions are understood to be homologies and congruences mod 2. 

A chain X of K is called invariant if X =X. In particular, 
if every simplex occurring in a chain with a non-zero coefficient 
belongs to K°, we attach a zero to the chain-symbol, as X°. 
If no simplex of K® occurs in a chain with a non-zero coefficient, 
we attach an asterisk to the chain-symbol, as X*. Every in- 
variant chain can be written in the form X*+X*+X°. If an 
invariant cycle [ is the boundary of an invariant chain, we 
write [0. These special homologies obey the same formal rules 
as ordinary homologies. 

We choose a base for homology of type '‘, T'‘, Dé for each 
dimension.t We consider only the case in which (A) D,j +D,é 
<0 for every m>0 and every j. In this case we can and do re- 
place the D,; in the base by invariant cycles§ ‘A,,. 

We now construct the sequences 
(1) ‘An, Any *, Or, (r = r(m, i) = — 1), 
where ‘Af’ ='X "+ 'X.", and F(iX ”) ='A"_,, (for g=m, m—1, 

-, r+1), and ‘A”™='X"™4'X"™+ix™ (for r=0), where the 
‘X ®" are cycles.|| We consider only the case where (B) the cycles 
‘X™ are independent with respect to homologies on K*. We 
shall need the following lemmas.4 
(2) If C+C+C°0, then C°~0 on K°. 
(3) The cyclesTi+T i, ‘Ax, (q>0), are independent with respect 

to=. 

(4) If (A) and (B) hold, every cycle of the form C,+C,, (q>0), 
is = to a linear combination of cycles Ti +T i, ‘A:. 

With the simplexes E,' and E,' we associate a simplex e,, , 
and we write AE, = AEni =éni. If C=t:En', we define AC to 
be the chain c=t#,e,'. The totality of simplexes e,; constitutes 





TR, $1. 

tS, §1. 

§ S, p. 614. 

il S, p. 614. 

q S, pp. 613-615. 

+ The material in this paragraph is fully discussed in R, §2. 
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an n-complex k= AK, say. In particular, the simplexes e,?* 
= AE, constitute a subcomplex k°= A K°®, say. Ife= AEisa 
simplex of k, we write \’e=E+E. If c=tien' , we define Ac to be 
the chain ¢; A’e,i. Both A and A’ preserve bounding relations. 
We shall use large or small letters for chains of K or k, respec- 
tively. In particular, a symbol like x° will denote a chain of k®, 
and a symbol like x* will denote a chain in which no cell of k° 
occurs with a non-zero coefficient. 


3. The Topology of k mod k°. We shall now determine the Betti 
numbers R,(k; k®, 2). A chain whose boundary is a chain of k®, 
that is, a cycle mod k°, shall be called a relative cycle. 


(5) If c+x°—0, then cts a relative cycle. 


Proor. Let F(c)=y*+y® and F(x°)=2°. Since F(c+<x°) 
= y*+y"+z°=0, we have y*=0. Hence c—0 mod k®. 


(6) If c+x°~0, then c~0 mod k°. 


Proor. There exists a chain d such that d—c+x°. Thus 
d—»c mod k°®. 


(7) If y ts a relative cycle, then Ay is a cycle. 
Proor. Since y—>x®, we have A’y— /A\'x° =X°+X°=2X°=0. 
(8) If y~0O mod k°, then A'y=0. 


Proor. Since there exists a chain c such that c>y+<x°, we 
have A’c—> A\'y+ A’‘x®. But A’x°=0. It is obvious that A‘c 
and (Ay are invariant. 


(9) If cis a relative cycle, we can write /A\'c in the form C+C where 
A C =C. 


Proor. Let c=tje,i +uje.9'. We have only to let C=t,E,i 
+u,E” . 


(10) If C+C0, then ACis a relative cycle and \C~O mod k?°. 

PROOF. By hypothesis, H+H—-C+C. Let F(H)=C+X. 
Then X+ X¥ =0. Hence X = X*+X*+X°. Therefore, 

AH > AC + AX = AC + 2AX* + AX = ACH AX. 


Thus AC+ AX°-0, and by (5), AC is a relative cycle. Since 
AH— A\C+ AX°~0, we have AC~0 mod k’°, by (6). 
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(11) For g2=r(m,i)+1, A(X.) is a relative cycle, say ‘§;”, and 
AE) = Be : 


Proor. If g2r(m, 1)+2, then, since iX eA", we have 


ACXt) > AC Bet) = ACXg-a + Xa) = 0. 
Therefore, A(‘X ,") = ‘&," is an absolute cycle. If g=r(m, i)+1, 
we have 

AC Xe) -* ACh) @ ACE + 4 
AC Xs") = 0 mod F. 


Thus, in this case, ‘£7"= A(‘X.”) is a relative cycle. In either 
case we have A\'(‘§") =X +iX 7" =‘A.. 
Let yj = AT @. 


(12) The relative cycles y¢, ‘€g", (q2r(m, 1) +1>0), are inde- 
pendent with respect to homology mod k°. 


PRroor. Suppose there were a non-trivial homology 
Senbe + Vy ~0 mod k. 
By (8) we have A’ (xini E+yryd )=0. Thus, by (11), 
tine + 78g +0, 
contradicting (3). 


(13) Every relative q-cycle of k is homologous mod k® to a linear 
combination of the yj and ‘&3", (q=r(m,i)+1>0). 

Proor. Let y be an arbitrary relative q-cycle of k. Let 
A'y=T+I, where AI'=y, by (9). By (7), A’y is a cycle. 
Therefore, by (4), 

(14) +P = <1, +1) + yin de - 
Now we shall show that y;n=0 whenever r(m, i) =q. For, if 
some yim~0, then (14) would be of the form 
=> im im t_ Om 
¥+V +e.(2%. +2, + X, ¥=6, 
where some 2im~0. This implies that 2in‘X 2"~0 on K°®, by (2). 
But this contradicts (B). Thus, (14) has the form 


P+ P+ 21, +1) + veal Xe + Xe) 0, 
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where g=r(m, i) +1. LetC=l+x0 i +yimiX 3". Then C+C0, 
and, by (10), we have AC~0 mod k°, or 
7+ ie + Phy ~ 0 mod k’. 
This proves the theorem. 
By (12) and (13), the relative cycles ‘€.", y7, (¢q2r(m, i) +1 
>0), constitute a base for relative g-cycles of k with respect to 
homology mod k®. Let R} be the number of cycles I'/, and let 


Q, be the number of g-cycles ‘A.” satisfying the relation 
r(m, i) +1<q. We have proved the following theorem. 


THEOREM 1. If the hypotheses (a), (b), (A), and (B) are fulfilled, 
then R,(k; k®, 2) =R} +Q,,(q>0). 


4. Symmetric Products. Let Ken=K,XK, be the complex K 
of the preceding sections. Let T be the involution which inter- 
changes the points PXQ and QXP of Ken. A simplicial sub- 
division of Ke, satisfying (a) and (b) of §2 can be found.t Of 
course, AKen=ken is the 2-fold symmetric product of K,. We 
can choose bases for homology on K>, of the I, I, ‘A type here 
required.{ The cycles ‘A, occur only in even dimensions. It has 
been shown that the sequences (1) can be constructed so that 
r(2h, 7) =h for alli, and so that (A) and (B) are fulfilled.§ There- 
fore we may apply Theorem 1. 

Now let R3,=R,(Kx, 2) for s<n and Rj,=0 for s>n. Then 
it is easily seen that Q,=0 and 


4 A A 
Og = Ra + Racer +° °° + Req-1), (q > 1), 


where ¢=[(q+1)/2], since the lowest dimension 2m to yield 
cycles ‘A, is either 2m =q or 2m=q+1. Thus by Theorem 1, 
we have the following result. 


THEOREM 2. For the symmetric product ko, of K, we have 
Ri(kon; kny 2) = 
0 r A A 4 
R (hen; Ras 2) = x. + Ro + Ro(41) eee R2(q-1)5 (q > 1), 
where t=[(q+1)/2], and where 





t R, §5. 
tR,p.5 
ek. 
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r 1 p 
Rq = y lRe(Kew 2)- Rj] 
aif q 1s even, and 
r 1 
R, = ry R,(K2n, 2) 


af q ts odd. 


Of course, if K,, is connected, so is kon; hence Ro(Ren; Rk’, 2) =0 
in this case. The numbers R,(kon; k,?, 2) have been called rela- 
tive connectivities by Morse,t who proved that they are finite.{ 
This result is of course implied by our formulas. 

EXAMPLE 1. Let K, be an n-sphere. Then R! = RA, =1, while 
all the other R'™’s and R4’s, are zero. From our formulas, we 
obtain for the relative connectivities of ken, 


Ro = R, =---=R,1=0, 
r 
R, = R=; 


A A 
Riz1 cg Ro (q-1) = Ron = L. 


A A 
Rize 7 Ro(q-2) = Ro, = iL 


A A 
Ron = Rot = Ron = 1. 


The values of the relative connectivities for this example were 
worked out by Morse§ by special methods involving the critical 
chords of an n-ellipsoid. 


EXAMPLE 2. Let K,, be an orientable surface of genus p. Then 
the relative connectivities of the symmetric product ke, are 
Ro=0, Ri=2p, Re=2p?+p+1, Rs=2p+1, Ri=1. 


5. A pplication to the Theory of Critical Chords.|| The chief re- 
sults concerning critical chords are as follows. Let R be a regu- 
lar, analytic Riemannian u-manifold lying in a euclidean (n+1)- 
space, such that R is homeomorphic to a simplicial m-complex 
K,. Then the symmetric product of R is evidently homeo- 





+ M, p. 182. 

t M, pp. 182-183. 

§ M, Theorem 11.3, p. 191. 

|| For definitions and proofs required in this section see M, pp. 181-191. 
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morphic to the symmetric product ken of Kn. Let Ro, Ri, ---, 
R:, be the relative connectivities of ke,. Then the sums M; of 
the type numbers of the critical sets of chords of R and the 
numbers R; satisfy the relations 


Mo = Ro, Mo — Mi S Ro — Ri, Mo — Mi + M22 Ro— Rit Re, 


My —- M,+ o 2 -+ (- 1)?*Mo,, = Ro -— Ry, + ath, -+(- 1)?"Ron.T 


A simple corollary of this theorem is this: If the critical chords 
of R are all non-degenerate, there exist at least R; such chords of 
index{ 1. 

Our Theorem 2 enables us to obtain the values of the relative 
connectivities R; of ke, when the mod 2 Betti numbers of R are 
known. Thus the above theorem and its corollary can be used 
to obtain numerical information concerning the critical chords 
of any R whose mod 2 Betti numbers are known. This makes 
available a wide class of examples. For instance, the corollary 
of M, p. 191 follows at once from the above corollary and our 
Example 1, §4. 

As a further example, let R be any regular, analytic image of 
an orientable surface of genus p. Then, from Example 2, §4, and 
the above corollary, we obtain the result that, if the extremal 
chords of R are all non-degenerate, then, among these extremal 
chords there must be 2p?+5p+3 extremal chords of the follow- 
ing description: 2p extremal chords of index 1, 26?++1 ex- 
tremal chords of index 2, 2+1 extremal chords of index 3, and 
1 extremal chord of index 4. In the degenerate case, the same 
result holds provided each critical set of chords is counted ac- 
cording to its type numbers. 


BROOKLYN COLLEGE 





+ M, Theorem 11.1, p. 185. 
IM, p. 185. 
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THE BLOCH CONSTANT & FOR A 
SCHLICHT FUNCTION* 


BY R. M. ROBINSON 
The following theoremf is due to Bloch. 


There is an absolute positive constant P with the following prop- 
erty. Let f(x) be regular for | x| <1, f’(0) =1. Then y=f(x) maps 
the circle |x| <1 on a region (in a Riemann surface over the y 
plane) containing a circle of radius P in a single sheet. 


(Without the condition f’(0)=1 there is a circle of radius 
P\f’(0)|.) 

Landauf defines three absolute constants connected with this 
theorem. % is the upper bound of the P which satisfy the theo- 
rem as stated. ¥ is the upper bound of the P if we require only 
that there be a circle of radius P in the y plane each point of 
which is covered by some sheet of the map. % is the correspond- 
ing bound if f(x) is given as schlicht (that is, f(x:) #f(x2) for 
x1 #2, so that the map has only one sheet). 

We have clearly B= L%<YA. The chief object of the paper by 
Landau is to give as close lower and upper bounds as possible for 
these three constants. He proves 0.39 <$ <0.56, 0.43 < 2<0.56, 
and &%>0.56 (so that &<%). However, as an upper bound for Y% 
he obtains no new result, but mentions a result of Szegé 
%<7/4, as the best result which he knows. This follows from 
consideration of the function 

1 1+-x 


y = — lo =Aa+---, 
s 2 oo ee" 





which maps the circle | x| <1 on the strip | Sy| <7/A4. 

A better bound than 7/4 can be obtained by mapping |x| <1 
on as simple a region as a circle slit along a radius from the center 
to the circumference (Theorem 1). Still better bounds may be 





* Presented to the Society, October 27, 1934. 

+ For a proof and further references, see a paper by Landau, Uber die 
Blochsche Konstante und zwei verwandte Weltkonstanten, Mathematische Zeit- 
schrift, vol. 30 (1929), pp. 608-634. 

t Loc. cit. 
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obtained by using several slits extending along radii part way 
to the center (Theorems 2, 3, 4). Using this method I shall show 
A <0.66. 


Lemna 1. If 
x 

k(x) = ———_» *| <1), 
arma (j =| <1) 

and K is the inverse function, and we put 
(r) 8 (0<r<1) 
= p(r) = ———__» r , 

ad (+7? 


then z= K(pk(x)) maps the circle |x| <1 on the circle |z| <\ slit 
from —1 to —r. 


Proor. This is an immediate consequence of the fact that 
k(x) maps the circle | x| <1ona plane cut from —1/4 to —«.* 


THEOREM 1. An upper bound for X is given by the formula 


3 + 2(2)12 
9% (2) 


IIA 


(< 0.729). 


Proor. If we combine the transformations 
s+r 
ra +1 
we have a transformation y=f(x) which maps the circle | x| <1 
on the circle ly <1 slit from —1 to 0. We have 
4r(1 — r) 
ers 





z= K(pk(x)) = pxt---, y= =r+(1-—r)s+---, 





£) = p17) = 


We choose r so that f’(0) is a maximum; 
r=(2)%—1, — f(0) = 4((2)"* — 12. 


Since the map contains no circle of radius greater than 1/2, we 


have 
1 3 + 2(2)!/2 
/'(0) < —» As , 


2 8 











* See Landau’s book, Darstellung und Begriindung einiger neuerer Ergeb- 
nisse der Funktionentheorie, 1929, pp. 112-113. 


1935] SCHLICHT FUNCTIONS 537 


Lemma 2. If a function F(x), regular for | x| <1 and such that 
F(0) =0, maps the circle | x| <1 ona plane region R, then F(x”) 
maps | x| <1 on n copies of R connected by a branch point at the 
origin, so that | F(x") |" maps | x| <1 on a plane region which 
is n-fold symmetric with respect to the origin. 


This known result is so evident as to require no proof. 


THEOREM 2. An upper bound for % is given by the formula 
3 
4s = (6)!/4(< 0.682). 


Proor. In Lemma 2, put F(x) =K(pk(x)) and n=3. This 
leads to the result that y =f(x) = [K(pk(x*)) ]!/* maps the circle 
| x| <1 on the circle | y| <1 with three cuts along equally spaced 
radii to within a distance (r)!/3 of the origin. For this function 
f'(0) =(p)'4. If we choose r=1/8, then the three cuts extend 
half way to the origin (Fig. 1). The largest circles that can be 


Fi. 1. 


drawn in the map are of radius 1/2, there being four of this size. 
Hence, 


A(p)'F%s e A< - (6)1/3, 
‘oe oe 
Lema 3. If 
pi = (ri), p2 = pre), (<< 1S 0< <1), 


and p is determined from the relation 
1 1 1 


—+—-1, 


i i 
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then the function F(x) =K(pik(—K(pk(x)))) maps | x| <1 ona 
unit circle cut from —1 to —1r, and from 1 to re. For this function 


1 1 1 1 
mal7 ata tet). 
|F’(0)| 4 ry re 
Proor. K(pk(x)) maps | x| <1 on a unit circle cut from —1 
to —r. For —K(pk(x)) the cut is from 1 to 7. Proceeding to F(x) 
inserts a second cut from —1 to —n as required, but distorts 
the first cut. The symmetry of the figure with respect to the real 
axis shows that the cut will still lie along the real axis. Its end 
point 7 is taken to K(p:k(r)), which is equal to 72, as required, if 
pik(r) =k(re). Since 


1 1 
kr) " (= = ), 
k(r) p(r) 
this becomes 


1 1 1 1 1 1 
Ca, See 
pi p pe Phi prs 2 
Since | F’(0)| = pp, this gives the last statement of the lemma 
if we put in the values of p; and pr. 


Fic. 2. 


THEOREM 3. An upper bound for % is given by the formula 


1+ v*)4(1 + 0 — 2? 
a < $ di ie (2)2?-—1s0<1. 


- 16021 + v)*(1 = v) 





Putting v=0.55, we find A <0.666. 
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Proor. We shall map the circle |x| <1 on a unit circle with 
cuts from 1 to u, —1 to —u, 1 to vt, —1 to —vi (Fig. 2). The 
quantities u, v are to be so related that each of the four circles 
tangent to the real axis at +u, and tangent to the unit circle, 
shall pass through one of the points +27. Let the radius of these 
circles be p. Then 


et Pa (le, Fe oF ee, 
from which we find 
v(1 — v) 1+ 2’ 
cru 2(1 + 2) 
If v= (2)!/2—1, the maximum circles in the map are six of radius 
p, the four mentioned, and two through +u and one of the 
points +vt. (For v=(2)!/2—1, w=(2)!/2—1 and four of the 
circles are tangent to both axes, the other two coinciding at the 
center.) Hence if f(x) is the mapping function, a | f’(0)| <p. To 
accomplish the mapping, we first map | x| <1 on a unit circle 
with cuts from —1 to —v? and from 1 to u? by the function 
F(x) of Lemma 3 (putting 7; =v?, re =u?). For this function 
1 1 1 1 1 + 0*)*(1 + 2 — 2? 
ote (* re +ut+—)= ( )*¢ ) 
F’(0) | 4 v u? 4y?(1 + v)(1 — 2) 
We then put f(x) =[F(x?) ]!/? for the final mapping function. 
Since | f’(0)|?=| F’(0)|, we have 
4? | F’(0)| S 0, 


nu? 














which gives the theorem. 


THEOREM 4. An upper bound for % is given by the formula 


9 1 1 
ws 2 (444), 
4 \a* 8 


where a=1+(b?+2b+42)!/2, b = [2(3)!/2—3 ]!/2. Hence A <0.658. 


Proor. We shall map on a region constructed as follows. 
Start with a circle of radius 2p about the origin, with three cuts 
half way to the center (the dotted circle in Fig. 3). It contains 
four circles of radius p, as in Fig. 1. The three cuts are extended 
outward, and three more cuts are drawn outward from the cir- 
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cumference. Six circles of radius p are then pushed as far as pos- 
sible toward the center in the six sections. Consider, for example, 
the circle in the upper left section. We may slide it along the real 
axis toward the origin until it strikes the point — p+(3)1/?7, the 
end of one of the cuts. Its center then reaches the position 





Fic. 3. 


—(b+1)p+pi, at a distance p(b?+2b+2)!/? from the origin. A 
circle of radius ap will then include the six circles. We choose 
p=1/a, so that the latter circle is the unit circle. We thus are 
to map on a unit circle with three cuts extending to within a 
distance 1/a and three extending to within a distance 2/a from 
the origin. This is accomplished by taking the F(x) of Lemma 3 
with 7,=1/a?, re=8/a* and then putting y=f(x) = [F(x*) |"/*. 
Now 


1 1 1 1 9/1 a’ 
| ae aa (, + jee = 2 + -) asda (= + <). 
| F’(0) | = ry Te 4 \a 8 


Since | f’(0)| = | F’(0)| and the map contains no circle of radius 
greater than p=1/a, we have 
1 


, 3 , 
3 





F'(0)| s 


ale 


4|/'(0)| s 


S 


which gives the theorem. 


THE UNIVERSITY OF CALIFORNIA AT BERKELEY 
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ON THE SUMMABILITY OF A CERTAIN CLASS OF 
SERIES OF JACOBI POLYNOMIALS* 


BY A. P. COWGILL 


1. Introduction. The result obtained in this paper is as fol- 
lows: 





The series 
— (6+ 1)(6 + 3)--- (b+ 2n—- 1) wna 
Xu n aT An (x), 


where X ,®-!?(x) (hereafter indicated simply by X,) is a sym- 
metric Jacobi polynomial,t p>—1, and i a positive integer, is 
summable (C, k), k>i—1/2, for the range —1<x<1. 


The proof is limited to symmetric Jacobi polynomials because 
of the necessity of having the recursion formulaf of first degree 
in 2. Unless explicitly stated otherwise, x is confined to the range 
—1<x<1, and p>-—1, throughout this paper. 

In the proof the sum of the m first terms of the given series 
is transformed, following the method employed by Brenke for 
Hdélder summability of certain series of Legendre polynomials, § 
by the recursion formula for Jacobi polynomials into a new sum 
of m terms, plus four additional terms. Then convergence factors 
for summability (C,7—1) are applied, followed by those of sum- 
mability (C, 7), 7>1/2, necessary to evaluate the additional 





* Presented to the Society, November 30, 1934. This paper is a portion of a 
thesis presented to the Faculty of the Graduate College, The University of 
Nebraska. 

t This is denoted by F(—n, n+, (b+1)/2, (1—x)/2) in the notation of 
Darboux, Mémoire sur l’approximation des fonctions de trés grands nombres, 
Journal de Mathématiques, (3), vol. 4 (1878), pp. 5-60, 377-416; p. 22. It 
is Gn(p, (b+1)/2, (1—x)/2) in the notation of R. Courant and D. Hilbert, 
Methoden der Mathematischen Physik, vol. 1, p. 74. It is X,{(?-)/2. (»—D/2)(x) in 
the notation of G. Pélya and G. Szegié, Aufgaben und Lehrsdtze aus der Analy- 
sis, vol. 2, pp. 93-94, where the orthogonality property is expressed by means 
of the equality /1,(1—x)(?-?/2(1 +x)(?-D/2X, (@-DI2,@-DI9 X, (@-D12,2-DId x 
=0(m +n; m,n=0,1,-°-°-). 

t Darboux, loc. cit., p. 378. 

§ W. C. Brenke, On the summability and generalized sum of a series of 
Legendre polynomials, this Bulletin, vol. 39 (1933), pp. 821-824. 
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terms involving m, making the equivalent of summability 
(C, k), R>i—1/2. The first application of summability causes 
the highest ordered part of the sum of the two additional terms 
involving m to take the form of a series, which is equal to the 
Cauchy product of two series, one of which is summable to a 
finite value and the other to the value zero. 

Certain well known theorems of summability are used.* 


THEOREM 1. Jf two series are respectively summable (C, a) 
and (C, B), their Cauchy product is summable (C, a+8+1) to 
the product of the sums of the series. 


THEOREM 2. If >> "oun is summable (C, 5) to the value s, this 
im plies that lim. .1-0 > n-0ax” =S. 


THEOREM 3. A series that is bounded (C, a),a=—1, is sum- 
mable (C, 5>«a) with the sum s, if limz.1-0 >, -0llnx" =S. 


THEOREM 4. The summability (C, 6) of Yun implies uy, =0(n*) 
and s,=0(n*). 


THEOREM 5. The existence of limy..5,°+” =s, where s,°+” 
denotes the Cesaro nth partial mean of order 5+, implies that of 
the double mean S,°- of orders 6 and y: 


- (8,7) - (7,8) & (6+) 
lim S, =limS, =lims, : 


n> 2 nx nx 


and vice versa, provided 6, y, 6+y>-—1. 
2. The Polynomial X,,. The recursion formula ist 


n+p n 

(1) 2X, = oe a" 
2n+ p 2n+p 

The generating function,{ when 


_ (+I +3)--- (P+ 2m—1)_ M(H + 1)/2 +2) 
o 2"n! T((p + 1)/2)%(m + 1) 














n 


= O(n'-0)/2) | 
is 





* E. Kogbetliantz, Mémorial des Sciences Mathématiques, vol. 51, pp. 19- 
20, 29, 37, 30-31, and 23, respectively. 

+ Darboux, loc. cit., p. 378. 

t Darboux, loc. cit., p. 23. 
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(i — x?) /4)0-»)/2[2t~ —2+2(1 — 2t*+ #2)1/2](o—-/2 
(2t)?-—1(1 — 2tx + #7)!/? 





(2) - 
= >) 4,X,#, (0 <t<1). 


I find by the method used for Legendre polynomials by Byerly* 
that X, in the following formula 





= T(r + 1 
(3) pea ET 5 AO OP< A) 
r=0 I'(p)P(r + 1) (1 — 2a + #)*"* 
satisfies the Jacobi recursion formula (1). We have also 
X, = O(n-?!?), (- 3 < 2< 1). 
X,(1) = 


3. Transformation of the Series. Multiplying (1) by c, and 
summing from 1 to n, we get 











r+p 
x Gk, = CrX rai t ae Ole 
> ho eer 
8 fie Area Wes fi sae | 
= Xu ‘ ” ca Cr-1 + cus x; 
(4) 2r—2+5 2r+2+ 9 
it ‘ 
= nee ee CaAni 61Xo 
n+p 2 
n+1 
a Se 
2n+2+6 


If c, =n ‘dn, the coefficient of X, in (4) takes the form 
U, = [ri + bilp)r* + ba(p)r* + --- Ja, 


where the coefficient of a, is a polynomial in descending powers 
of r. The last term in the square brackets will be of order O(n’), 





*W. E. Byerly, Fourier Series, 1893, p. 151. See also N. Nielsen, Théorie 
des Fonctions Métasphériques, 1911. 

+ Darboux, loc. cit., p. 378. 

t This is shown by using equation (1), Darboux, loc. cit., p. 377, and making 
the transformation x =(1—£)/2, x =0 corresponding to §=1. 
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6 < —1, which, when multiplied by a,X, and summed, will give 
a convergent series, for 


a,X,O(n*) = O(n (P-0/2—p/2+8) = O(n*’), 


where 6’=6—1/2<—1. 
The terms in (4) free from 7 are 


1 
Ro = = coX1 a Seesaw 1X0. 
2+) 


These carry over without change in the process of summation. 
The remainder terms in (4) will be 


bs n+p n+ 1 
(5) R, = Xn+t SS Se ee Corina: 


” n+p” n+2+>p 


The relation (4) can now be written in the form 


(6) x >) ¢X, = Ro t+ >, U,X,+ Ra, (c, = r‘a,). 


r=1 r=1 


4. Application of Summation (C, k) to (6). Apply Cesaro sum- 
mation of order k to both sides of (6). Representing by Se the 
kth Cesaro mean of Sai=) pa00rXr, we find after transposing 
the sum s& from the right to the left side of equation (6), 


(z— 1)S0 = Ro + bi(p)Ss 2-2 oe oF b:-a(p)Ss.0 


+ [so of a convergent series]+(C, k) of Rn. 


The order of the terms of R, is O(n‘—?), so, by Theorem 4, 
Cesaro summability of order <i—1/2 could not be expected. 

Then, applying Cesaro summation of order k, so chosen that 
(C, k)R,—0 as n—, and writing lim, ..52t = S®,, we have 
bah expressed in terms of Ro, 9 SY ,.4, penal S®, and a 
convergent series. Values of S®, must be calculated succes- 
sively; we begin with S® , which can be obtained from the 
generating function (2), and take successive integral values of 1, 
beginning with 7=1. As stated in the introduction, two applica- 
tions of Cesaro summation, which are equivalent to summation 
(C, k), are then used to make (C, k) R,--0 as n—-~. 
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5. Summation (C,i—1) Applied to R,. The convergence fac- 
tors for summability (C, k) have the form 


Tikt+n—r7r+1) 
n'T(n — r+ 1) j 





where 7 represents the total number of terms in the sum under 
consideration and 7 the rank of the particular term to which the 
convergence factor is applied. One groups the remainder R, 
with the mth term of the sum in the right-hand member of (6) so 
that the mth Cesaro convergence factor will be applied to R, 
as well as to U,X,. The remainder R, becomes, after applica- 
tion of summation (C, i—1), 





ere (n+ p)n 
R, = I'(i) ss Xnti 
(7) fe (n+1)* (p+2n+1) |e 
(2n + 2+ p) 2-n** at anid 
1 1 1 
(3) Rk. = For E +0(—)| (n + p)(Xeri — Xn). 


To evaluate this expression as n—, the Christoffel-Darboux 
identity is used. 


6. Use of the Christoffel-Darboux Identity. This identity, 
when modified to conform to the notation of this paper,* be- 
comes 


T'(n + p) Kees — B.S 
(0) T'(p)l(m + 1) ore x—1 
= ib 
we ee at eee p)X,. 


r=0 T(p)T(r + 1) 


Differentiate both sides of (3), multiply throughout by 2/, 
and add to (3); we get 
I(r + p) p(1 — #) 


Ee i arigpaar rat, xb = ’ 
2 T'(p)(r + 1) alli (1 — 2tx + #)P/2+1 








* Darboux, loc. cit.; one substitutes (44), p. 46, in (14), p. 381. After chang- 
ing x and z into (1—x)/2 and (1—z)/2, respectively, leta=pand y=(p+1)/2. 
Then let z=1, so that Z, =Z,4:=1, and simplify. 
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which one can write in the form 


ele i 
> = a id ae (ar + p)X,t" 
(10) 7 
I'(p + 1) 1-? 


(1 — e+ P21 — wth 





which incidentally checks with well known relations for Tcheby- 
chef (trigonometric) polynomials, where p=0, and Legendre 
polynomials, where p=1. 

From an article by Fejér,* we have 





i-? 
2(— + > t” cos r), (x = cos 2), 


1 — 2tx + e —s 
which isthe generating function of thetrigonometric polynomials. 
Chapman provedf that (1/2 +21 cos rv) is summable (C, ), 


k>0, to the value zero. 
To obtain the order of summability of 


is tae 7 
T(pre + 


(which is formula (3) for t=1), we may use the method of proof 
given by Chapmantf for Legendre polynomials, based on ob- 
taining an asymptotic expression for S“ for the above series 
by the method of Darboux. Let x=cos #. Since 


ry 


1 ra r 
= =) - 4 = Pe ee. X (cos @)z" ’ 
(1 — 22 cos 8 + 2?)?/? r= r(p)l(r + 1) 





one has 
1 
— z)**1(1 — 22 cos 6 + 27)?/? ar 








*L. Fejér, Uber die Laplacesche Reihe, Mathematische Annalen, vol. 67 
(1909), pp. 76-109; p. 81. 

7 S. Chapman, The general principle of summability, Quarterly Journal of 
Mathematics, vol. 43 (1912), pp. 1-52; p. 27. 

t Ibid., p. 45. 


1935-] SERIES OF JACOBI POLYNOMIALS 547 


The generating function of the sequence {s®} is consequently 
1 
(1 — z)**1(1 — 22 cos 6 + 2?)?/? 
1 


~ (1 — 2) FHL — eit) 0/204 — e~ itz) pl? 








This function may (for 0<@<7) be developed into a power 
series in 2 with unit radius of convergence. If k+1>/2, the 
predominant singularity on the circle of convergence is at z=1. 
Therefore, the leading term in the asymptotic expression of 
S® is given by the coefficient of 2” in the expansion of 

1 1 ia: se 


= A. Ss 


(1 — e%)”/2(1 — e~#)/2(1 — z)*t1 = [2(1 — cos 0) ]?/? nao 





Hence 


(k) (k) 
5. == ——_ A, (14+ O(1)), x = cos 8), 
nope 
li Se : (—4 < 1) 
(erage ee Sea mae ae ; 
ses Ate) [2(1 as x) |??? 


so that the series is summable (C, k) for k+1>p/2. 


7. Second A pplication of Ceséro Summation to R,. After ap- 
plication of summation (C, i—1), the remainder terms (5) take 
the form (8), of which the highest ordered part is, from (9), 
(11) (1/2)P(i)a,(m + p)(Xnsi — Xn) 

T'(n + 1) > +s 
= (1/2)T'(2)a, ————— (x — 1) ), ———— (2r + p) X,. 
/ T'(n + p) ( waar 1) ? 


From (10), if we let =1, and make use of the equation (3) and 
the equation below (10), we find 


— V(r + p) 
— V(r + 1) 


= Fe+) ae: _— r] 
[re + oP» r(p)P(r + 1) x,| [1 +2 Deon 


(2r + p)X, = formal Cauchy product 
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and this is summable (C, f) by Theorem 1 (combined with the 
above result of Chapman) to the value 


1 
eee F 
[2(1 — x) ]»/2 
where f = (p/2—1)+k+1>)/2, (for k>0). Hence, from (11), 


T'(n + 1) I(r + p) 
1/2)r(z 35 ere e 
(1/2) (i)a T(n +P) ey ee r+ p) 


= O(n ‘P-)/2+1-P)9(nt) = o(ni+(—p)/2) | 


by Theorem 4, f>p/2. Now apply summation (C, j). The con- 
vergence factor multiplying R¢~” is 


ny +i 
ue P at o(1)), 


so that the remainder terms (5) now become of order 
o(ni+O-P)!2)O(n-1) = o(ni+O-P)/2-7) = (1), 


if f+(1—p)/2—j<0, that is, 7>1/2. 

Thus the two applications of Cesaro summability (C, i—1) 
and (C, j7>1/2), which are seen to be equivalent to summa- 
bility (C, k>i—1/2) by Theorem 5, cause the highest ordered 
part of the remainder terms (5), R,, to approach zero as n—. 
The other parts of (8), being of lesser order, likewise approach 
zero by application of summability (C, k >i—1/2). The value of 
S*>i-” can now be calculated as indicated in §4. 


8. Legendre Polynomials. By letting p=1, one can easily 
obtain the values of S®;. In this case a,=1 and )oX 
=1/(2—2x)"*. The remainder terms are handled by the use 
of Christoffel’s formula 


Xn es ae 








(12) > (2 + 1)X; = (n+ 1)- 


page 

the series }\¢° (2n+1)X, having been previously proved sum- 
mable (C, k>1/2) to the value zero by Chapman.* The results 
obtained by this method check with those obtained by Brenket 





. Chanesa, lec. cit., p. 46. 
T Brenke, loc. cit. 
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with the Hélder method of summability, where 1 = 1, 2, 3. In the 
latter case, for example, 


(k) (k) 


Se , ©, a, 
3 1 0 





(k > 5/2). 


1 i) 
-— k mS 
4 lic. dof (2r — 1)(2r + 3) | 


THE UNIVERSITY OF NEBRASKA 





TRIANGULATION OF THE MANIFOLD 
OF CLASS ONE* 


BY S. S. CAIRNS 


1. Introduction. In the present note, the writer shows that 
the triangulation method developed in an earlier paperf can 
be applied to divide a manifold of class one, as defined by Veblen 
and Whitehead,f into the cells of a complex. The manifold of 
class one includes the regular r-manifold of class C" on a Rieman- 
nian space. § 

2. The Triangulation Theorem. Let M, be an arbitrary r- 
manifold of class one. A coordinate system is a correspondence 
between a point set, the domain of the system, on M,, and a 
point set, called the arithmetic domain, in affine r-space. Allow- 
able coordinate systems are a class of one-to-one correspondences 
whose properties are specified by axioms.|| 


THEOREM. If an r-manifold, M,, of class one is covered by the 
domains of a finite set of allowable coordinate systems, it can be 
triangulated into the cells of a finite complex. Otherwise it can be 
triangulated into the cells of an infinite complex. 





* Presented to the Society, December 28, 1934. 

+ On the triangulation of regular loci, Annals of Mathematics, vol. 35 (1934), 
pp. 579-587. Hereafter we refer to this paper as Triangulations. 

$A set of axioms for differential geometry, Proceedings of the National 
Academy of Sciences, vol. 17 (1931), pp. 551-561; also, The Foundations of 
Differential Geometry, Cambridge Tract No. 29, 1932, Chapter 6, referred to 
below as Foundations. 

§ Marston Morse, The Calculus of Variations in the Large, Colloquium 
Publications of this Society, vol. 18 (1934), Chapter 5. 

|| Veblen and Whitehead, "loc. cit. 
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We will discuss only the finite case. The other can then be 
treated by a ready extension. 


3. The Coordinates H. LEMMA. If M, is covered by the domains 
of a finite set of allowable coordinate systems, then 1t can be covered 
by a finite set (y)=(7',---, ¥") of closed r-cells, where yi’, 
(i=1,---, ), is on the domain of an allowable coordinate sys- 
tem H', and where the arithmetic domain of H‘ is an r-simplex, a‘. 


For, let 6 denote one of a finite set of domains covering M,. 
Let 6’ be the part of 6 not covered by the other domains of the 
set. Since the domains are regions (Foundations, p. 78, Theorem 
4), there exists, by the Heine-Borel theorem, a finite set of r-cells 
on 6 covering 6’. Hence M, can be covered by a finite set of 
r-cells (a) =(a',---, a"), where (1) a’, (¢=1,---, 2) is the 
domain of an allowable coordinate system #7‘ and (2) the arith- 
metic domain of HH‘ is a simplex (Foundations, p. 76, Theorem 
2). It remains only to choose y‘ as a closed r-cell on a‘ containing 
all points not covered by the other cells of the set (a). 


(A) We will denote by Bi, (i= 1,---,m), an r-cell which con- 
tains y' and whose closure, B‘, lies on a’. 


An m-cell, (m=0,---, 7), on a is called an H,'-cell if its 
image under /H/' is a simplex. Now let on_1 be an Hit=:?-cell, 
assuming the term defined. If a point P can be joined to each 
point of ¢m_1 by an H}j-cell, (744i, - - - , ip_1), and if the totality 
of such cells is an m-cell, ¢,,, then ¢,, is called an Hiv) cell or 
an Hi'»-cell according as j#ip or j=i,.A set of (r+1) points 
will be called (j; - - - j,)-dependent if, using them in any order 
whatever, we can construct every conceivable Hi*>-cell, 
where (j1 - - - Jq) > (ti - - - tp). 


(B) The intersection a/-a* corresponds under Hi and H* to 
subsets of a‘ and a*, respectively. The resultant of H' and H* is a 
homeomorphism 


(1) H*: 9; = fi(u), (i= 1,--> 2), 
between these subsets. By Axiom* Ay, since the H’s are allowable, 


HT** is of class one (each f is continuous with its first derivatives) 
and regular (the jacobian of the f’s is nowhere zero). 








* Veblen and Whitehead, loc. cit. 
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Thea’s, B’s, and y’s play the role of the cells similarly denoted 
in Triangulations, §3, and it is now possible to read §§4~-7 of 
that paper, omitting §4, Lemma 1, and §4 (A), but making no 
other essential changes. We accordingly confine ourselves to a 
summary of the work, referring to Triangulations for details. 

The vertices of an r-simplex constitute a 0-set if every angle* 
between a bounding (r—1)-simplex and an edge to the opposite 
vertex exceeds 0. 


(C) Let (P) be a set of (r+-1) points on M, and let (B%*, - - - , B72) 
be the set of all the cells B [see (A) above] each containing a point of 
(P). Then, for any 6>0, a distance p(0)>0 exists, so small that 
if (P) ts a 0-set of diameter less than p(@) in terms of some H'- 
distance and FH'-angles, (t=ji,--- , jq), then (P) ts (ji-- -jq)- 
independent. [Triangulations, §5(D) and §6, Theorem. | 


4. Construction of the Triangulation. Let the r-simplex a', 
the arithmetic domain of H', be triangulated into simplexes, 
such that the vertices of each r-simplex constitute a @:-set of 
diameter less than p(@;), for some 0,;>0. The cells which cor- 
respond under H' to these simplexes constitute a triangulation 
(o') of a! into H'-cells. 

As the basis for a recurrent process we assume that we have, 


for some number j of the set (1,---, #—1), a triangulation 
(a?) of a neighborhood on M, of (y'+--- +7“), where (1) 
the cells (o’) are H®---'»-cells, (t;<i2< --- <i,S$j), and (2) 


the vertices of each r-cell of (¢’) satisfy condition (C) in §3 for 
some angle of a set (1, - - - , 8;). 

The (j+1)th step of the process modifies (¢’) and extends it 
to cover a neighborhood of y‘+!. Let P denote an interior ver- 
text of (c’) on B’t!. Let on be any m-cell of the star of P, and 
let m1 be the bounding (m—1)-cell of ¢» opposite P. By the 
hypotheses of the recurrency, Om-1 is an Hij?-cell for some 
(i1,---, t») and, applying §3(C), P and o,_, determine an 
Hiv" cell c,/. Let on’ replace om aS dm denotes successively 
the various cells of the star of P. The totality of these replace- 
ments will be referred to as the introduction of H'*'-straightness 





* We define distance and angle by regarding the coordinates in arithmetic 
space as a rectangular cartesian system. 

+ A vertex of (c’) is called exterior if it is on the closure of M,—(o‘). Other- 
wise it is called interior. 








wn 
wn 
bo 
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on the star of P. When H‘*'-straightness is thus introduced on 
the star of an interior vertex, a new complex is obtained cover- 
ing the same points as (a’) [Triangulations, §7(C) ]. 
- Now let H’*'-straightness be introduced successively on the 
stars of the other interior vertices of (a7) on B+!. When this is 
done, let all cells with exterior vertices be dropped.* In the re- 
sulting complex,f (¢’+')®, every cell with all its vertices on 
B+! is an H’*!-cell. Now consider a complex (¢‘+')’’ made up 
of H'+'-cells on B’*1, such that (1) (o’+')’’ covers the part of 
y'*! not on (o/*")® and (2) all overlapping cells of (o/*')® and 
(oi*")’’ are H’+'-cells.{ By elementary subdivisions, let (o+')® 
and (a’*')’’ be subdivided until they have just a subcomplex 
j42 common. The set (¢*') of all cells each in one of these sub- 
divided complexes now satisfies all the requirements of the re- 
current process, save perhaps the one involving §3(C). We can 
satisfy this one also by slightly displacing certain vertices in the 
elementary subdivisions above and imposing a new upper bound 
on the cells employed. This completes an outline of the (j+1)th 
step. 

The uth step completes the triangulation of M, into the cells 
of a simplicial complex. 


LEHIGH UNIVERSITY 





* Because the domains (a‘, 8’, y*) are nested [§3(A)], it is possible, by im- 
posing an upper bound on the diameters of the cells employed, to ensure that 
the dropping of cells with exterior vertices will not uncover any points of a cer- 
tain neighborhood of (7'+ --- +7). For details, see Triangulations, §7(A) 
and (B). 

7 See Triangulations, §7, Lemma 2, for a proof that (o7*")° is a complex. The 
present construction of (a/*')® is suggested on page 587 at the end of the proof. 

t For further restrictions on (o/*1)’’ see Triangulations, under §7(D). 
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DIFFERENTIATION OF SEQUENCES* 
BY ORRIN FRINK, JR. 


Conditions under which one may differentiate term by term 
a convergent sequence of functions are to be found in the 
literature.| Some of these conditions are obtained as corollaries 
of theorems about termwise integration, and consequently con- 
tain in the hypothesis the assumption that the derived se- 
quence converges. Without this assumption, sufficient con- 
ditions for termwise differentiability may be obtained from the 
fundamental theorem on reversing the order of iterated limits. 
This possibility is mentioned by Hobson (vol. 2, p. 336), but 
he does not obtain the theorems of the present paper. 

By this means it may be shown that the equicontinuity of the 
functions of the derived sequence is sufficient for termwise dif- 
ferentiability, but the condition of equicontinuity is stronger 
than necessary for mere convergence, since it implies also that 
the derivatives are continuous and converge uniformly to a con- 
tinuous function. This paper is concerned with weaker condi- 
tions, for which the names normal, uniform, almost normal, al- 
most uniform are used. These conditions, like that of equicon- 
tinuity, are related also to the question of the compactness of 
sets of functions for different types of convergence. The pro- 
cedure that will be followed is to state the principal lemma, de- 
fine the different conditions, and then show their relations, first 
to compactness, and then to termwise differentiation. 


Lemma. If the sequence of functions (i) {f,(x)} converges to 
f(x) on the closed interval [a, b|, and the derivatives f,! (x) exist 
at the point xo of [a, b|, then a necessary and sufficient condition 
that the derivative f’ (xo) exist at xo and be the limit of the sequence 
of derivatives (ii) { fn (Xo) } is that for every €>0 there exists a 6>0 
such that if |x—xo| <6, then 
(1) fn(x) fn(x0) — fi (x0) | <e 


aS 55 





* Presented to the Society, December 27, 1934. 
¢t Hobson, The Theory of Functions of a Real Variable, 2nd ed., vol. 2, pp. 
332-338. 
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for almost all n (that is, for all except a finite number of values 
of n). 

This is a special case of a general theorem on reversing the 
order of iterated limits,* which may be stated as follows: 

If limz.2,F,(x)=F,, and lim,..F,(x) = F(x) for «Axo, then 
lim, .2lim,..F,(x) =lim,..limz.:,F n(x) if and only if for every 
€>0 there exists a 5>0 such that if | x—xo| <6, then | F,(x) — F,, 
<e for almost all n. 

The lemma follows from this if we let 





F,(x) = 220) -S0)_ and Fe =fl (1). 


x—Xo 


DEFINITIONS. The sequence (i) { f(x) } is said to be normalt 
at the point x» of [a, b| if for every €>0 there exists a 5>0 and 
an N such that if |x—x9| <6 and m>N, then |f,(x) —f,(x0)| <e. 

The sequenee (i) is said to be almost normal at xo if for 
every €>0 there exists a 6>0 such that if |x—xo| <6, then 
fn(x) —fn(xo) | <e for almost all . 

The sequence (i) is said to be uniform at xo if for every € >0 
there exists a 6>0 and an N such that if | x—xo| <é and m>N 
and n>N, then |fn(x) —fm(x0) —fn(x) +fn(x0)| <e. 

The sequence (i) is said to be almost uniform at xo if for 
every €>0O, there exists a 6>0 such that if |x—xo| <6, then 
| fm(2) —f m(xo) —fn(x) +fn(xo) | <e for all m, n sufficiently large. 

Note that in the definitions of normal and uniform the value 
of N is selected in advance of the value of x. Note also these 
relationships: if a sequence is equicontinuous, it is normal, and 
if it is normal, it is both uniform and almost normal, and if it is 
either uniform or almost normal, it is almost uniform. Note also 
that (i) is uniform if and only if the double sequence (ii) 
{fm(x) —fn(x)} is normal, and (i) is almost uniform if and only 
if (ii) is almost normal, when the definitions are extended to 
double sequences. 

The following results concerning normal sequences will be re- 
stated from Hahn and Carathéodory: 











* Hobson, vol. 1, p. 385; Hahn, Theorie der Reellen Funktionen, 1st ed., 
pp. 288, 294. 

¢ Hahn, 2nd ed., p. 229; Carathéodory, Mathematische Annalen, vol. 101 
(1929), p. 515. 
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A necessary and sufficient condition that every subsequence of 
(i) {fn(x)} contain in turn a subsequence which converges con- 
tinuously (that is, uniformly to a continuous function) on |a, b| 
is that (i) be normal at every point of |a,b| and bounded in n for 
every x. If (i) converges at xo, it converges continuously at Xo tf 
and only tf it is normal at Xo. 

We shall prove analogous results for the other conditions. 


THEOREM 1. If the sequence (i) { fr(x)} converges to f(x) on 
[a, b], it is almost uniform at every point of [a, b|. Furthermore, 
it converges uniformly on {a, b| if and only if it is uniform at every 
point of [a, b]; and the limit function f(x) is continuous at a point 
xo of [a, b| if and only if the sequence (i) is almost normal at xo. 


Since (i) converges on [a, 6], given €>0 and two points x 
and x, of [a, 6], there exists an N such that for all m>N, n>N 


(2) | fm(2) — fu(xo) — f.(x) + fa(%o) | <€; 


Hence (i) is almost uniform at every point x» of [a, 5]. 

Now if (i) is uniform at xo, given €>0 select 5>0 and N’ such 
that if | x—x9| <éand m>WN’,n>WN’, then (2) holds. Since (i) 
converges at xo, select N>WN’ such that if m>N, n>N, then 


(3) | fu(%0) — fal) | <e. 
Adding (2) and (3), we have for | x—x9| <6,m>N,n>WN, 
(4) | fm(%) — fa(x)| < 2e. 


Hence the convergence is locally uniform* at every point xo of 
[a, b]. Since [a, 6] is a closed interval, the convergence is uni- 
form on [a, 6]. 

Conversely, if (1) converges uniformly on [a, b| then for 
every €>0 an N exists such that for any two points x and Xp of 
[a, b], we have, for m>N, n>N, 


(5) | fm(%) — fm(20) — fa(*) + fa(ao)| < e. 


Hence the sequence is uniform at every point xo of [a, 6]. 
Next, if (1) is almost normal at xo, given e>0 select 6>0 such 
that if |x—xo| <6, then for almost all 


(6) | fa(x) — fa(%0)| <e. 
* Hahn, 2nd ed., pp. 214, 216. 
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Since (1) converges at x and xo, we have for almost all n 


(7) | fu(xo) — f(xo)|<e, | a(x) — f(x)| <e. 
Adding (6) and (7), we have, if | x—x9| <6, 
(8) | f(x) — f(xo)| < 3e. 


Hence f(x) is continuous at x9. Conversely, if f(x) is continuous 
at Xo, given €>0 select 6>0 such that if | x—xo| <5, we have 


(9) | f(xo) — f(x)| <e. 


Since (1) converges at x and xo, then (7) holds for almost all 7. 
Adding (7) and (9) we have, if |x—x9| <6, for almost all m 


(10) | fa(x0) — fa(x)| < 3e. 
Hence (1) is almost normal at x». 


THEOREM 2. If the sequence (i) {f,(x)} is almost uniform at 
every point of [a, b| and bounded in n for every x, then every sub- 
sequence of (i) contains in turn a subsequence (ii) {fn,(x) } which 
converges on |a, b] to some function f(x). Furthermore, if (i) is 
uniform at every point of |a,b|, the convergence of (ii) is uniform 
on [a, b|, and if (i) is almost normal at every point of |a, b], the 
limit function f(x) of (ii) is continuous on [a, b}. 


Since (i) is bounded in n for every x, from every subsequence 
of (i) a subsequence (ii) {f,,(x)} may be chosen* which con- 
verges at every rational point of [a, 6]. Now let x» be any irra- 
tional point of [a,b]. Since (i) is almost uniform at xo, for every 
€>0 there exists a 6>0 such that if | x —x| <6, then 


(11) | fax(x) — fa,(¥0) — fu(x) + fa,(x0) | <e 


for all k, 1 sufficiently large. Choose x rational. Then (ii) con- 
verges at x, and for k and / sufficiently large we have 


(12) Sn(%) — fn,(x)| <e. 
From (11) and (12), we get 
(13) | fnx(%0) — fa,(xo)| < 2e. 





Hence (ii) converges also at x, and therefore at every point of 
[a, b]. The second part of the theorem follows from Theorem 1. 





* Hahn, 2nd ed., p. 230. 
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THEOREM 3. If the sequence (i) {fn(x)} converges to f(x) on 
the closed interval |a, b|, and the derivatives f,! (x) exist on [a, b] 
and the sequence of derivatives (ii) { Ss (x) } is uniform at a point 
xo of [a, b|, then the derivative f'(xo) exists at xo, and the derived 
sequence (ii) converges to f'(xo) at Xo. 


Given e>0, select 6>0 and N in accordance with the condi- 
tion that (ii) is uniform at xo, and let | x—x9| <6. Then by the 
mean value theorem, applied tothefunction f,,(x) —f,(x),and the 
condition that (ii) is uniform at x9, we have, form>N,n>WN, 


fm(x) — fm(%o) ca ee 
(14) peg = te (0) yas thn (x0) 
= ee (x’)— Py (x0) re fa (x’) -+ é (xo) | < €, 


where x’ may vary with m and 2, but always lies between xo 
and x. 

Now by the definition of derivative, for any fixed n> N there 
exists a positive 6’<6 such that for |x—x| <8’ we have 


| fn(x) ica In(%o) 


+ = ms 


(15) — fi (a) | <e. 





Adding (14) and (15), we have, if | x—x9| <6’andm>N, 
Sm(x) = Sm(%o) 


a= Se 


(16) < 2€. 





ais It (x0) 





Hence the condition of the lemma is fulfilled, and the conclusion 
of the theorem follows. 


Coro.iary A. /f (i) {fn(x) } converges to f(x) on |a, b], then 
a necessary and sufficient condition that the derivative f'(x) exist 
on [a, b| and that the derived sequence (ii) {f, (x) } converge un1- 
formly to f'(x) on [a, 6], is that (ii) be uniform at every point of 
[a, b]. 


Corotiary B. If (i) {fn(x)} converges to f(x) on [a, b], then 
a necessary and sufficient condition that f'(x) exist and be con- 
tinuous on [a, b], and that the derived sequence (ii) {f,{ (x)} con- 
verge uniformly to f’(x) on [a, b], is that (ii) be normal at every 
point of {a, b}. 
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CorRo.iary C. I[f (i) {fn(x) } converges to f(x) on [a, b], and 
the functions of the derived sequence (ii) hy (x) } are continuous 
on |a, b|, then a necessary and sufficient condition that the deriva- 
tive f’(x) exist, and that the sequence (ii) converge uniformly to 
f'(x) on |a, b], is that the derivatives f,/ (x) be equicontinuous at 
every point of {a,b}. 


Coro.iary D. Jf (i) {fn(x) } converges to f(x) on |a, b| and 
the second derivatives f,{' (x) exist and are uniformly bounded on 
[a, b|, then f’(x) exists and the derived sequence (ii) {f, (x) } con- 
verges uniformly to f'(x) on [a, b]. 


Corollary D follows from Corollary C, since the first deriva- 
tives are equicontinuous if the second derivatives are uniformly 
bounded. The others follow from Theorems 1 and 3, the rela- 
tions mentioned above between the different conditions, and the 
properties of equicontinuous and normal sequences. 


THEOREM 4. If the sequence (i) {fn(x) } converges to f(x) on 
[a, b], and the derivatives f, (x) exist and are summable on [a, 6}, 
and the derived sequence (ii) \f, (x)} converges in the mean on 
[a, b|, that is, f fm (x) —f,t (x) | dx—0, then a necessary and suffi- 
cient condition that the derivative f’(x) exist and be continuous on 
|a, b| and that the sequence (ii) converge to f’(x) on |a, b| is that 
(ii) be almost normal at every point of |a, b|. 





If (ii) is almost normal at xo, given €>0 select 6>0 in accord- 
ance with the definition of almost normal, and let |*«—xo| <6. 
Let E, denote the set of values of ¢ between x) and x such that 
for some n>k, 


(17) | fi (t) — fil (x0) | = €, 


and let C, be the complement of E; with respect to the interval 
[xo, x]. Since | t—xo| <6, and (ii) is almost normal at Xo, no 
value of ¢ is a member of more than a finite number of the sets 
E,. Hence the measure of E, approaches zero. Now 


f [2 (0) — fd (x0) Jat | < f | f2(0) — fi (xe) | at 
(18) Pe - 
+f | fc (t)| dt + | | fil (x0) | de. 
Ex 


Ey 
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If n>k, the first integral on the right of (18) is less than 
e| x—Xo|, since on C, the integrand is <e. By the convergence 
in the mean, we may select m such that, for n>m, 


b 
(19) f | fol (t) — fil (t) | dt < a x— xo| : 


Since the measure of E; approaches zero, k >m can be selected 
such that 


(20) f | fol (t) | dt < EA x — xl, 
Ey 2 


since m is now fixed,and the integral in (20) is absolutely continu- 
ous. Hence from (19) and (20), for >k, 


(21) J WAT oe eee 
Ey 


But this is the second integral on the right of (18). Now the se- 
quence }{f,/ (xo) } is bounded, for if it were not, there would exist 
a subsequence of (ii) which diverged to infinity at every point 
of some neighborhood of xo, since (ii) is almost normal at x9. But 
this is impossible, since (ii) converges in the mean, and every 
subsequence contains in turn a subsequence which converges al- 
most everywhere. Because of the boundedness, a k exists such 
that for n>k the third integral on the right of (18) is less than 
e|x—xo|. Combining these results, we see that a k exists such 
that for n>k, 


(22) | ; Lt) — fi (xo) at | < 3e| x — aol. 


Since f,/(x) is summable, there results on dividing (22) by 
|x—xo|, for n>k, 

| fulx) — fale) | 
(23) ee ee Pay Ie Se: 

| x — X% | 
This is the condition of the lemma; therefore f,/ (x) exists, and 
(ii) converges to it at xo, and hence at every point of [a, 6]. By 
Theorem 1, f’(x) is continuous on [a, b|. Conversely, if f’(x) 
is continuous on [a, b| and (ii) converges to it, by Theorem 1 
the sequence (ii) is almost normal at every point of [a, 5]. 
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THEOREM 5. [f (i) {fn(x) } converges to f(x) on |a, b], and the 
derivatives f, (x) exist and are summable on |{a, b|, and the de- 
rived sequence (ii) {f, (x) } converges in the mean on [a, b], then 
a necessary and sufficient condition that the sequence (ii) converge 
on [a, b| to some function g(x) (not necessarily equal to f'(x)) is 
that (ii) be almost uniform at every point of {a, b|. 


If (ii) is almost uniform at xo, given €>0, let us select 6>0 
in accordance with the definition of almost uniform, and let 
| x—xo| <6. By the same method of proof that was used in Theo- 
rem 4, we may show that a exists, such that if m>k, n>k, 


| =z 
(24) J [fm (t) — fot (x0) — fu (t) + fui (x0) Jat | < 3e| x — x9|. 


In fact, since (ii) is almost uniform, the double sequence 
ifm (x) —f, (x) } is almost normal, and (24) corresponds to 
formula (22) in the proof of Theorem 4, applied to this double 
sequence. Dividing (24) by |x—xol, we have, for m>k, n>k, 


x — Xo 


+ fn (x0) | < 3e. 





Xo 


Since (i) converges at x and x 9, an N>k exists such that if 
m>N,n>N, 


| fn({x) a fn Xo) — Sm(x) im Jf m( Xo) 


| x — Xo x — Xo 





(26) <e 





Adding (25) and (26), we have, for m>N, n>WN, 
(27) | ft (x0) — fi (x0) | < 4e. 


Therefore (ii) converges at xo, and hence at every point of [a, b]. 
Conversely, if (ii) converges on [a, b], by Theorem 1 it is almost 
uniform at every point of [a, b|. That the limit function of (ii) 
need not be f’(x) can be seen from an example. Let (i) be the 
sequence {x"/n} on the interval [0, 1]. Then the derived se- 
quence converges on [0, 1], but not to the derivative of the limit 
function when x=1. 


THE PENNSYLVANIA STATE COLLEGE 


1935-] SINGULARITIES OF ANALYTIC FUNCTIONS 561 


ON THE SINGULARITIES OF AN 
ANALYTIC FUNCTION* 


BY E. W. MILLER 


1. Introduction. We shall consider an analytic function f(z) 
represented by the series en whose circle of convergence 
we shall suppose for simplicity to be the unit circle with center 
at the origin of the complex plane. Our purpose is to give simple 
generalizations of certain theorems of Pringsheim and Hada- 
mard relative to the singularities of f(z) on C, the circumference 
of the circle of convergence. 

With the present hypotheses and notation the theorems in 
question may be formulated as follows: 


THEOREM OF PRINGSHEIM.{ Jn order that z=1 be a simple pole 
of f(z) and that there be no further singularity of f(z) on C it ts 
necessary and sufficient that 


<1, 


—me VU 
lim | On+1 ae an | se 
n—2 
THEOREM OF HADAMARD.{ In order that there be just one simple 
pole and no further singularity of f(z) on C it is necessary and 
sufficient that 


a jn 
lim | a2 — On—10n41 | Sk. 
no 


2. Generalizations of the Above Theorems. We shall first estab- 
lish a generalization of Pringsheim’s theorem. 


THEOREM 1. In order that z=1 be a pole of order m of f(z) and 
that there be no further singularity of f(z) on C it ts necessary and 
sufficient that there exist a polynomial g(x) of degree m—1 such 
that, if we put A,=a,/g(n), we have 

ee iti0<ay <3: 


no 





* Presented to the Society, April 20, 1935. 

+ A. Pringsheim, Vorlesungen iiber Zahlen- und Funktionenlehre, vol. 2, part 
2, 2d ed., 1932, p. 916. 

t See, for instance, P. Dienes, The Taylor Series, p. 333. 
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PRroor. Suppose that z= 1 is a pole of order m of f(z) and that 
there is no further singularity of f(z) on C. Then f(z) =fi(z) 
+fe(z), where fi(z) has z=1 as a pole of order m and has no 
other singularity in the complex plane, and where f2(z) has no 
singularity within or on C. According to a theorem of Leau and 
Wigert* there is a polynomial g(x) of degree m—1 such that 
fi(z) => 0g(n)z". We choose this as the polynomial g(x) of 
Theorem 1. We have then a, =g(m)+5,, where lim,...| b,| "<1. 
Hence A, =1+B,, where B,=b,/g(n). Clearly lim,.., B,| a3 2 
It follows at once that lim,....|Anyi1—An| Un <1, 

To prove the condition sufficient we notice that by the theo- 
rem of Pringsheim cited above >.,-0A,2" has z=1 as a simple 
pole and has no further singularity on C. Thus 


> Anz* = kd 2" + Daz", where lim | ak ic <A, 


n=0 n=0 n=0 no 


Therefore 
DY an2z" = D> g(n)Anz” = kD. g(n)2" + D> g(n)cnz”. 
n=0 n=0 n=0 n=0 


Now by the Leau-Wigert theorem >. -0g(n)2" has z=1 asa pole 
of order m and has no other singularity in the complex plane. 
Furthermore lim,...| g(”)cn|"<1. Hence >>, —0d.2" has =1 as 
a pole of order m and has no further singularity on C. 

In case the type of pole is specified it may be easy to deter- 
mine the polynomial g(x). For example, suppose we have 
f(z) =(k/(1—2)")+ F(z), where the Maclaurin series for F(z) 
has a radius of convergence >1. Since 


: 1 eo 
1/(1 Hg XL (n+m— 1) --- (n+1)z”, 
we may put g(m)=(k/(m—1)!) (n+m-—1)--- (n+1). After 
simplification our condition that f(z) be of the above described 
type assumes the form 
Tim | (m + m)a, — (n + 1)dngi |!" < 1. 

That this condition is not merely necessary but also sufficient 
follows easily once we put a, =("-+m—1) - - - (n+1) Ra. 





* See, for instance, Dienes, loc. cit., pp. 337-339. 
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The theorem of Hadamard cited in (1) is susceptible of a simi- 
lar generalization. 


THEOREM 2. In order that there be just one pole of order m and 
no further singularity of f(z) on C itis necessary and sufficient that 
there exist a polynomial g(x) of degree m—1 such that if we put 
A,=4,/g(n), then 


et caer ae er aera 
no 

Proor. Suppose there is a pole of order m and no further 
singularity of f(z) on C. Let this be the point z=b. If we put 
z= bw, the series > n-00,b"w" will have w=1 asa pole of order m 
and will have no other singularity on the circumference of the 
circle of convergence. Accordingly there exists a polynomial g(x) 
of degree m—1 such that a,b"=g(n)+c,!, where lim y...0| Cf = 
<1. Hence A,=(1/b")4c,, where lim,,...| Cul Un <1. The condi- 
tion of our theorem now follows easily. 

That the condition is sufficient follows by an argument simi- 
lar to that used in the proof of the sufficiency of the condition 
in Theorem 1. 

Again, it is easy to show that f(z) = (k/(a—z)”)+ F(z), where 
|| =1 and where the Maclaurin series for F(z) has a radius of 
convergence >1, if and only if 

lim | n(n + m)a?2 —(n+1)\(n+m— 1)dn-10n41| <oit 
n—2 

3. A Theorem on Limits. The most important step in the proof 
of Pringsheim’s theorem is to show that, under the conditions 
of the theorem, limy...@n41/d,=1. In our generalization of this 
theorem it may be noticed that we have 


ane ga +i). | 
lim | @n41 — ——— @, 
na g(n) 


and that again limy...dn41/a, =1. These facts suggest the follow- 
ing theorem on limits. 


<1 


THEorEM 3. If lim,..|a,|""=1, in order that limn.2On+1/n 
=1, itis necessary and sufficient that there exist a sequence of com- 
plex numbers d,, such that 
(1) lim \, = 1; and (2) lim | On41 — Ann 


no na 


Pay, 
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Proor. The necessity is obvious. We need merely put 
An =Gn41/dn. To prove the sufficiency we notice first that if we 
can prove that lim,..|@,| /* exists, then lim, ..4n4:/¢,=1. For 
from (2) it would follow that 


i Gn+1 \1/n 


lim | a, — ra _ 4%, 


| dd 








an 


and therefore lim, ...@24:1/@, = 1. We shall accordingly prove that 
lim, ...|@,|"=1. There exists a positive number k <1 such that 
for n sufficiently large | Qns1 — AnGn | < k", so that 


| ant1 — an] < e™ +] en|| an, 
where lim,..€n =0, 
| Gns2 — Gar | < k*** + | engi] | ongal, 
and in general 
| @n+-j5 — On+5-1| < here! + | €n+j-1 | | On+j-1 | . 
Therefore 


kn n+j—1 
| dng 5 — an | < —+le||a.)+ > |e|| |. 

1 —_ k r=n+1 
Now let us suppose that lim,.,.|a,|""~lim,..|a,|"". We 
can find a and B such that k <6 <1 and a<§, and two increasing 
sequences of positive integers {p} and {q} such that | ap| >B?, 
|a,| <a* and |a,| <8” if m is not a term of the sequence {p}. 
It is obvious that from { p} and {q} we can select subsequences 
{p:} and {q;} of such a nature that p; <q; and that if p;<n<qi, 
then |a,| <8". We have of course |a,p,| >B and |a,,| <a%. 
Accordingly we have |a);—4@,,| >| a ,| —a%. On the other hand, 

from our preliminary result we have 














Rr qi—l 
| @p;, — ag,| =| ag, — ap, < —— + |e, | ay,| + LD |e| lar]. 
1 = k r=p,<+l 
Therefore 
pi ‘ Britt 
| ¢p, — a4,| < pag tl evel level + "eae 


where €,,; denotes the largest of the numbers |e,|, (r=p;+1, 
- + + ,gi—1). We now consider the difference 
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jas Britt 
ans — a0 — [FG +L onl el 6, TS] 
a lel beara 
> pr(1 — | “1 eal nies — ae ems = 
ai kri 
= 0m (1-[en|- 2-0, nar 


Now for 7 sufficiently large all the terms within the last paren- 
theses except the first are as small as we please. Hence for suffi- 
ciently large 7 the difference in question is positive. From this 
contradiction the theorem follows. 

In conclusion, we may note as a simple corollary of the above 
theorem that if lim,...|a,|""=1, then lim,..|@,::/a,| =1 if 
and only if there exists a sequence of real numbers X, such that 
lim, An =1 and lim,..| |@n41| —An|an| |!" <1. 
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ON THE COEFFICIENTS OF A TYPICALLY- 
REAL FUNCTION* 


BY M. S. ROBERTSONT 
1. Introduction. It is well known? that if 


(1) f(z) = + % an2” 


n=0 


is regular for |z| <1, and if E is defined by the formula 


(2) E = maximum | R f(z) — Rf(z2) |, 


zr l=|z21=1 





* Presented to the Society, February 23, 1935. 

¢ National Research Fellow. 

t See E. Landau, Archiv der Mathematik und Physik, (3), vol. 11 (1906), 
pp. 31-36. 
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or, in other words, if E is the oscillation of the real part of 
f(z) for all points z; and z on the unit circle, then 


2 
(3) |a|=|£0|s—E. 


In this paper an analogous result and extensions are obtained 
for all the coefficients of any function f(z) regular and typically- 
real for |z| <1. 


DEFINITION. A function f(z), f(0)=0, f’(0) #0, regular for 
z| <R, is said to be typically-real with respect to the circle 
z| =R, if within this circle f(z) is real for, and only for, the 
points on the real axis.* 


| 
! 
| 


It may be noticed, as W. Rogosinski has pointed out, that 
the class of functions regular and univalent in the circle |z| =R 
and real on the real axis form a subclass of the class of functions 
typically-real with respect to this circle. 


2. A Stieltjes Integral Representation for Typically-Real Func- 
tions. Let 


(4) f(t) = 2+ Dd a2", (a, real), 
n=2 


be regular and typically-real for | s| <1. Then it is knownf that 
f(z) can be represented in the form 

2g(z) 

1 — 2? 
where g(z) is regular for | s| <1, g(0)=1, Rg(z) >0 for | s| <i, 
Further, by the formula of G. Herglotz,f we may write 


) ~{" +s. @) 
z)=— a 
g 2QanJ_, 1 — es re 

1 * 1 — 2? — 2iz sin #@ 


eee da(6), 
2rJ_, 1 — 22 cos#+ 2? 


(5) f@) = 





, 


(6) 








* See W. Rogosinski, Uber positive harmonische Entwicklungen und typisch- 
reelle Potenzrethen, Mathematische Zeitschrift, vol. 35 (1932), pp. 93-121. 

t See W. Rogosinski, loc. cit., p. 99. 

t See G. Herglotz, Leipziger Berichte, 1911, pp. 501-511. 
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where a(@) is an odd non-decreasing function of @ in the interval 
(—7, r), and where f(z) is real on the real axis, as is also g(z). 


Hence 
zda(6) 


0 1-—2zcos#+ 2? 


f(ESt an 
ak ‘sin 0 ee 


L. Fejér has observed* that 


(8) F(z) = “fe dz = 
z 


0 





f(@) 
(7) 











is univalent and convex in the direction of the imaginary axis 
for |z| <1, that is, no straight line parallel to the imaginary axis 
can cut the image of the circle |z| =r (for every r in the interval 
0<r<1) mapped by the function F(z) in more than two points. 
It follows from (7) and (8) by integration that 


1 ¥ 1 — ze~*) da(@) 
(9) Fo) === [toe | + etl 


1 — ze® sin 0 





3. The Coefficients of a Typically-Real Function. From (9), since 
F(r) is real, we have 


da(6) 


sin 0 





(10) F(r) = ~ [arg (1 — re-*) 


Since the integrand is an increasing function of r for every 9, 
we have 





1 ™ da(6) 
F(1) = lim F(r) = —f lim arg (1 — re~*) 
(11) r—1 wJo rt sin 0 
1 * xr—O0 
=— | —da(s). 


2rJo '‘'sin@ 





Similarly we also have 


(12) F(—1) = limF(—r) = <- 


r1 x vJo sind 





da(@). 





* See L. Fejér, Journal of the London Mathematical Society, vol. 8 (1933), 
p. 61, footnote. 
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These limits are finite or infinite according as the integrals exist 
or do not exist. Hence if we define 








(13) E(r) = F(r) — F(— r) = " fi) as es f(rt) ag 
se oe de 
then 
(14) E = lim E(r) = =f | 
i o— o sin “‘. 


and is finite whenever this integral exists. However, since F(z) 
is convex in the direction of the imaginary axis, and since E(r) 
is the length of the segment of the real axis intercepted by the 
contour into which | z| =r is mapped by F(z), we have 


(15) | RF(z:) — RF (ze) | S$ F(r) — F(— r) = E(r) 


for all z; and z, on |z| =r. Thus E(r) denotes the oscillation of 
the real part of F(z) on |z| =r. 

From (4) and (7) we have, by comparing coefficients on both 
sides of the equation (7), 


(16) a, = 7S er a 


sin nb | 1 * da(d) 
dato) s —f 
| sin 6 | atJo sind 


Whenever E is finite we have, by (14) and (17), 














(17) Pere 
0 





2 
(18) | ap | s— = ie for all 1, 
* . 
19 —.- < ve M,(6) 
i n+1 = | a. ( sind 
where 





sin 20 
— >I 6 


However, as T. Gronwall has shown,* 


M,(0) 





* See T. Gronwall, Transactions of this Society, vol. 13 (1912), pp. 445- 
468. 
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(20) M,(@) < sin 2 = 0.72457--- , 


where 29 is the positive root of the equation tan (29/2) =2o. 
Further, 














= 
(21) lim M,(6) = M(6) s — 
no T 
1 ¥ da(@ 
Tim — 3 | os| s — f lim (0) 
no N pu} 0 1 sin 6 
2 1 7 dalé) 2\2 
(22) s——f[' = s(=)z 
w wdo sing 7 
Similarly, 
2 sin z 1.45 
(23) nn Spud « (= *) E< (=)e, 
n+ 1 p31 T 
for all n. 
Again, if we denote by I,, the expression 
sin ké 
(24) r, = mek \ nag Sealed E | Es 
k=1 k 
then we have* 
a | ae | 2 
(25) —> —<rn<—Dd —+—) 
ey ae T kat k ra 
Py Z 
(26) lim =—- 
n—> 0 log nN T 


Hence by the method used above in (19) we may show that 
a @ ZN 7D | 

m E+ OEa 
k=1 k T Tv k=1 k 


(28) a2 | as s (=) z. 


no log S inal k us 








Let 





* See G. Pélya and G. Szegé, Aufgaben und Lehrsdtze aus der Analysis, 
vol. 2, 1925, pp. 81 and 274. 
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™ sin ké 


(29) A(n, 0) = >> 
mi «Ok 


Then the absolute maximum* of A(n, 0) is A(n, m/(n+1)). 
Consequently we obtain by the above method 


2 T 
< = a(n, —_)e. 
T n+1 


For n odd the factor 2/x in (18) cannot be replaced by a 
smaller one, since for the function f(z) =z(1+27)—! we have 





® dy 
>+-— 


(30) 
k=1 k 








Tv 
| Qon_1| = 1, den = 0, F(z) =arctanz, E= > 


Hence equality is attained by 2(1+2?)—! for every odd value of 
n. However, one cannot have equality for all ”, even and odd, 
for a given function of the class under consideration, as this 
would contradict the inequality (22). 


4. A Class of Odd Typically-Real Functions. Let I denote the 
class of odd functions 


(31) f(z) = 2 + DY beng iz?**! 
n=1 
with the properties 
(a) f(z) is regular for | z| <4. 
(b) f(z) is real on the real axis, that is, bens; is real for all n, 
(c) f(z) lies inside the jth quadrant whenever 2 is inside the 
jth quadrant for |z| <1, (j=1, 2, 3, 4). 


The class of odd functions regular and univalent for |z| <1 
and real on the real axis form a subclass of I. 


THEOREM. If 


f(2) = 5 + D bangis?™4# 
n=1 


belongs to class I, then 


borz1 


k 


— 2. 





IIV 


[os] $1, | bens] +] deri] $2, > 
k=1 





* See G. Pélya and G. Szegé, loc. cit., p. 79. 
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ProoF. Let f(re®) = u(r, 6) +10(r, 8). 


1 5 
(32) Dong ir?*t! = —f v(r, 0) sin (2n + 1)6d0, 
T —* 


1 
(33) Dong ir?! = —f u(r, 0) cos (2n + 1)0d0. 
T —r 


On account of hypotheses (b) and (c) of the definition of class 
I we may write 


4 x/2 
(34) benyir’tt = =f v(r, 0) sin (2n + 1)0d6, 
T #0 


4 w/2 
(35) Deng ir?™t! = =f u(r, 0) cos (2n + 1)0d0, 
TJ9 


where v(r, 0) >0, u(r, 0) >0 for 0<0<2/2, r<1. From (34) we 
have 


8 a/2 

(36)  Bengir?®t! — Dog ir?™! = =f v(r, 0) cos 2n8 sin 048, 
T</0 

so that 


8 «/2 
| bong ir2"tl — bon yr?" | < =f | v(r, @) sin 6| dé 
Tv0 


bs x/2 
= =f v(r, 6) sin 6d0 
T</0 
28 
Letting r—1, we have 
(37) | ben-1 — benyi| S 2. 


From (35) we have similarly 


8 x/2 
| bon—ir?™! + bong ir?" | < =f | u(r,@) cos 2n8cos@ dé 
TJ 9 


(38) 


IIA 


8 x/2 
=f u(r, 0) cos 6d0 
aw Jo 


of. 


IIA 
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Letting r—1 again, we have 


(39) | bona + banyi| S 2. 
Combining (37) and (39) we obtain 
(40) | bens | + | bens | a (for all 2). 


The inequalities (40) were established by a different method 
for the subclass of J consisting of odd univalent functions real 
on the real axis by J. Dieudonné.* Further, since we havet 


"cos ké 
(41) B(n, 0) = >> >-1 


k=1 





for all n, then 


©. (dengir?*t! — bex_ir?*—") 





k=1 k 
? 
(42) 8 «/2 
= — f B(n, 6)0(r, 0) sin 0d0 => — 2r, 
T 0 
ae ee ee 
(43) ( 2k+1 2k 1) > mee 2. 


k=l k 
and similarly 
™ (bexs1 + bees) - 


44 ————_—_—_ 
(44) a z 2 


— es 


On adding (43) and (44) we obtain also 


n b . 
(45) , i er 
1 6 


THE UNIVERSITY OF CHICAGO 





* See J. Dieudonné, Annales de |’Ecole Normale, vol. 48 (1931), p. 318. 
t See G. Pélya und G. Szegi, loc. cit., p. 79. 
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DERIVATIVES OF HIGHER ORDER AS 
SINGLE LIMITS* 


BY PHILIP FRANKLIN 


1. Introduction. If a function has an nth derivative at a point, 
the value of this derivative may be calculated by taking the 
limit of a suitable quotient involving the mth difference, as the 
fundamental difference for the independent variable approaches 
zero. However, the limit of this quotient may exist without the 
function having the corresponding derivative. The principal 
result of this paper deals with the expression for unevenly spaced 
points, which reduces to the quotient mentioned above when the 
points are equidistant. It is shown that the existence of the 
limit of this expression, when the points close down in any way 
whatever to a fixed point, is a necessary and sufficient condi- 
tion for the function to have an mth derivative throughout some 
neighborhood of the fixed point, continuous at the point. Some 
applications to finite Taylor developments are considered. A 
condition for the mere existence of the derivative is also given. 


2. Earlier Results. A precise statement of the theorem on uth 
differences, t as proved by de la Vallée-Poussin, is that 


n 


(1) lim — = (x9), 
ho hn 





if y=f(x) has an mth derivative at x, where A"y is the mth dif- 
ference defined by the formulas 


Anf(x) = A™Yf(x + h) — A(x), 
Af(x) = f(x + h) — f(x). 


The corresponding expression for unevenly spaced points is, 
except for a numerical factor, 1!, 

f(x) 

(2) Ank= Zz - 


? 
joa (%j—41) + + + (%j— 4 j-1)(Xj—Hj41) + + + (%j— Fat) 








* Presented to the Society, December 27, 1933. 
f de la Vallée-Poussin, Cours d’Analyse Infinitésimale, vol. 1, 1921, p. 73. 








574 PHILIP FRANKLIN [August, 


as is seen by comparing Newton’s and Lagrange’s interpolation 
formulas. It is sometimes convenient to write this in terms of 
determinants: 





(3) 4. ran, 

| xp, xP,--- , «;,1| 
We have written only the jth row, (j=1, 2, - - - , +1), for the 
rest. 


It has been shown by the writer* that if y=f(x) has an nth 
derivative at a, continuous in some neighborhood of xo, then as 
the points close down to a, that is, 

(4) lim ¢, =0, | x; — a| < &, 


ko 
we shall have 


(5) {™ (a) = lim nm! A,.x. 
a 

A similar result was provedf for the case of a complex inde- 
pendent variable, with the points closing down in any way, and 
f(x) an analytic function. 

The limit using the mth difference is too broad to be used as a 
definition of a derivative. For this limit may exist without there 
being a derivative. An example is the function y=bx, when x 
is rational, y=cx, when x is irrational. If a=0, the points 0, 
h, 2h, - - - , nh, are either all rational or all irrational, so that 
at 0, A*y=0, and lim A*y/h?=0. However, the function fails to 
have a first derivative at the origin, and hence has no second 
derivative there. 

Again, as a definition of mere existence of a derivative, the 
use of A,,,, with points closing down arbitrarily is unsatisfactory 
since it fails to give correct results unless the derivative is con- 
tinuous at the point a considered. For, if the ” points are al- 
lowed to come together at a point near a, in the proper way, for 
example with equal spacing, they will give the derivative at this 
point. If the derivative is not continuous at a, this derivative 
will not approach the value at a, when the nearby point ap- 
proaches a. 





* Transactions of this Society, vol. 28 (1926), p. 403. 
T This Bulletin, vol. 33 (1927), p. 465. 
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3. Condition for a Continuous nth Derivative. Consider a se- 
quence of sets of +1 points. Call the kth set S;, and let its ele- 
ments satisfy (4). Then we shall say that the set S; closes down 
on a. For each set we may form A,,; by (2), or (3). We may now 
formulate* the following theorem. 


THEOREM 1. The existence of a unique limit for An,, as the 
points of S;, close down on a in an arbitrary manner is a neces- 
sary and sufficient condition for f(x) to have an nth derivative 
f"(a), continuous at a. The value of the derivative is given by (5). 


That the condition is necessary f follows from Rolle’s theorem 
and Lagrange’s interpolation formula. For 





(6) F(x) 
2 (4— m1) - + + (4— 45-1) (4— % 541) « - - (¥— Hugs) 
= - (ag— 21) - + + (%g— %5-1)(4j— B p41) + + (44— Fas) dati 


is a polynomial of the mth degree agreeing with f(x) at the points 
of S,. Hence, f(x) — F(x) vanishes at +1 points, and by suc- 
cessive application of Rolle’s theorem its mth derivative vanishes 
at some point X, interior to the interval whose end points are 
the extreme points of S;. That is, 


(7) POUT) & f(A). 

But from (2) and (6), 

(8) F(x) = Anx”® + Pr«(x), 

where P,_;(x) is a polynomial of the (n—1)th degree, so that 
(9) F(X) = nlAnn. 


Since the points of S;, are closing down on a, X approaches a 
as a limit, so that from the continuity of f™ (x), 


(10) lim n! Ay. = lim f(™(X) = f(a). 
X-a 


ko 


This proves the necessity of the condition. 





* Hassler Whitney, Transactions of this Society, vol. 36 (1934), p. 369. 
This paper contains certain similar results of this type, involving uniformity 
conditions. 

+ Transactions of this Society, vol. 28 (1926), p. 403. 
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We shall prove the sufficiency of the condition by mathemati- 
cal induction. For n=1, we have 


f( x2) sia f(%1) . 


v2 — % 


(11) Aix. = 


By taking x:=a, and letting x2 approach a, we see that f’(a) 
exists. Again, since the limit must exist when x2 approaches x, 
and then if we let x. remain coincident with x, and approach a, 
we have 

(12) f(a) = lim lim A; = lim f’(x), 


2178 F321 zie 


so that f’(x:) exists for x; near a, and is continuous at a. We ac- 
cordingly assume as the basis of the induction that the condi- 
tion is sufficient for »=1, 2, - - - , N. Now consider A,,x, and to 
simplify the notation change the origin so that a=0. Put x,=x, 
x2=0, and let x approach zero. Then all the terms in the sum (2) 
for A,,, except the first two approach limits, and the first two 
may be written: 


f(x) — f(0) 1 


x (x — %3)--- (4% — %n41) 


f(0) 1 1 
r x es — %3) --- (% — Xn41) 4 (— M3) °° (— aa 


As the second of these approaches a limit for x approaching zero, 
and the product does, we have shown the existence of 


f(*) — f) 
Wa A 3 
x 











(13) (0) = li 


We now define a continuous function v(x) by the equations 
(14) f(x) = f(0) + x(x), (x #0), 
(15) (0) = f'(0). 


If we calculate A,,. by (3), for x.4:=0, and make use of (14), 
we find, after reduction, 


_ | 0(x;), —"*, ae SS 1| 





(16) Ans (j = 1,2,--+,2) 


= | af, _, tS ig gy 1| 
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As this has the same form as (3), with f(x) replaced by v(x), and 
n by n—1, by the basis of our induction, it follows that 


(17) lim N! Awii,4 = 0 (0), 


and that v(x) exists in some neighborhood of a=0, and is 
continuous at this point. The derivatives of v(x) of lower order 
have this same property. 

By differentiating (14), we find 


(18) f(x) = x0 (x) + nv (x). 


This is in the first instance only established for x0, but fol- 
lows for x=0 from the continuity* of the derivatives of v(x), 
which shows that for nS N, f™ (0) exists and is given by 








(19) £0) = nvY(0). 

Thus 

ees f(x) — (0) sgaeiiee yee) — y"-0(0) 
x x 

and on letting x approach zero, we show the existence of 

(21) f*Y(0) = (W + 1)v%(0). 

Comparison with (17) shows that 

(22) lim (V + 1)! Awiie = f%*?(0) 


for the special approach used, and hence for any approach since 
the limit is assumed to be unique. In particular, if we first let 
the (V+1) points of S; coalesce at x; near a=0, and then re- 
maining coincident with x, approach a =0, we shall have 


f%+D(0) = lim {A*Y(x1), 
x10 


since the point x; may be taken as the 0 in (22), when sufficiently 
near a for the limit to exist. This establishes the continuity of 
f(N+))(x) at 0, and so proves the sufficiency of the condition. 


4. Taylor Developments. If a function has an uth derivative 
at a point, f(a), and we form its Taylor development 





* de la Vallée-Poussin, loc. cit., p. 127, number 5. 
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h 
fla + h) = fa) + fa) + > 


23 
+ po-0(a) + = iy 
a 
then, as shown by W. H. Young,* 
(24) lim M(h) = f™(a). 
h0 
We may have a development of this form 
h n—1 n 
(2S) fle + &) = Ap t+ —A, + + -- +—— 4.5 + —@), 
1 (n — 1)! n! 
with 
(26) lim M(h) = M(0), 
h0 


without f(x) having an mth derivative at x =a. 

In fact, such a development implies nothing as to the de- 
rivatives of f(x) beyond the fact that f’(@) = Ai. This is shown 
by the following example: 


f(x) = <7 sn a? , x #0, f(0) = 0. 

There is a development about the origin, of the form (25), with 
A, =A,=--- = M(0) = 0, M(h) = nth sin h-""!~7 
However f’(x) is discontinuous at 0, so that there is no second 

derivative. 
We give a condition for a development of type (25) in the 
following theorem. 


THEOREM 2. The existence of the limit A,,x for all sets of points 
closing down to a in such a way that a bound K exists such that 


(27) | x; — «| S$ K|x;— |, (i ¥ j), 


is a necessary and sufficient condition for f(x) to have a Taylor 
development of the nth order about the point a. 





*W. H. Young, The Fundamental Theorems of the Differential Calculus, 
Cambridge Tract, No. 10 (1910), p. 16; see de la Vallée Poussin, loc. cit., p. 77. 
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It may be noted that the condition (27) prevents the points 
from having mutual distances small compared with their dis- 
tances from a. In particular, two points can not coalesce unless 
they both coincide with a. 

To prove the necessity, we simplify the notation by taking 
a=0, so that our assumed development is 

x , vada x* 
(28) f(x) = Aot—Ait--- +—— Ani t+ — M(x). 

1 (n — 1)! n} 
Now calculate A,,, by using (3) and (28) for the functions 
f(x;) in the numerator. The result is 








C2 M4) 294 == eed 
pe M(x), x; 4 1| ~ M0) 
(29) | oe, ap1,---, x, 1| 
f a xf [M(x;) — M(0)] 
+Z 
gor (%j—%1) + + + (4% 5—%5~-1)(%j— 4441) « - - (4% j— Sup) 


From (27) we have | x,| <K|x;—x|, (tj), so that each term 
in the summation of (29) is dominated by K” M(x;)— M(0)| 
and approaches zero when M(x;)—M(0). If any point x; reaches 
a=0, the corresponding term does not appear in the summation. 
Thus, if there is a development (28), when (27) holds, 


(30) lim u!A,,4 = M(0). 





For the sufficiency, we use the reasoning previously given to 
establish (13), which is valid since the conditions there used are 
compatible with (27). We define v(x) by (14) and (15), and con- 
sider (16). Now use mathematical induction. For 7 =1, the ex- 
istence of a derivative implies the existence of a development 


(28). Assume the theorem holds for »=1, 2,---,N—1. Then 
from this, applied to v(x), we have 
f(x) — f(0) xv 
(31) il A = o(x) = By + Byz + --- + -——— B(2), 
x (N — 1)! 


and from this 
x 
(32) f(x) = f(0) + Box + Bis? + ---+—— NB(x), 


which proves the result for = N, completing the induction. 
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CorROLLARY. If the function f(x) has an nth derivative at a, then 
as S; closes down to a, subject to (27), 


(33) lim n!A,,. = f(a). 


For, under the hypothesis, there is a development given by (23) 
and (24), and the result follows from (30). 


5. Contact. The order of contact of two curves is usually 
stated in terms of derivatives. However, as the derivatives are 
merely used to get the Taylor development, if we have a Taylor 
development at hand it may be used to define order of contact. 
Thus, the example previously mentioned, 


(34) y = 2*tlsin g*!, 2+ 0; y=0, x«=0, 


is a curve having contact of the mth order with the x axis at the 
origin. 

Similarly, certain other geometric concepts may be reduced 
to that of contact. Thus, in this sense, the curve 


(35) y = 2kx? + x3 sin he 

x 
has curvature k at the origin. That is, it has second order con- 
tact with a circle of radius 1/k, the circle of curvature. There 
is no second derivative at the origin. However, by Theorem 2, 
if a circle is passed through three points on the curve, which 
close down to the origin subject to the condition (27), it will 
approach the circle of curvature. 

In a space where distances, rather than coordinates, are 
given, it would be natural to replace (27) by a similar condition 
on the distances. This would lead to an intrinsic definition of 
curvature more general than that of Menger,* based on the 
expression for the radius of the circle through the three points, 
allowed to close down without restriction. 


6. Condition for an nth Derivative. We shall now discuss a 
conditior for the mere existence of a derivative. 


THEOREM 3. The existence of a unique limit for An,; as one of 
the points of S; remains at a, while the rest close down on a, is a 
necessary and sufficient condition for the existence of an nth de- 
rivative, f(a). 





* Karl Menger, Mathematische Annalen, vol. 103 (1930), p. 480. 
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With the restriction stated, by the reasoning previously 
used for (13) and (16), we see that an alternative statement 
of the condition for the existence of f‘”’(a) can be given in terms 
of the existence and continuity of v- (a), where 


(36) i oe. 
x 


That the continuity of v‘"-”(a) insures the existence of f(x) 
follows from (18) and from (20) with N=n—1. 

To show the converse, we note that v(0) =f’(0), and assume 
that if f+ (0) exists, 


ft) 
n+1 


as the basis of an induction. We deduce from (36) that 


v(x) = f™(x)a-t — nfO-O(x)a-? + + - - 


(37) v™(0) = 





, 





i + (= 1)"nlff(x) — f(0)]a-. 
Thus 
v(x) — (0) f(x)" — nf (x) 24 
x ‘ gnt2 
4 emt sla) = f0)] = erp) + 1) 





ante 


By L’Hospital’s rule, the application of which telescopes the 
terms, this will approach a limit if 
ft) (2) x" Eat ft (0)x f(x) aes f*(0) 

(n + 2)xnt! sf (n + 2)x 


does. As the latter expression approaches f‘"+®?)(0)/(m+2), if 
this derivative exists, we see that in this case 


f*?(0) 
(n + 2) j 





(39) 


(40) y(t) (Q) = 





which completes our induction. 
This proves that if f‘"+ (0) exists, v‘(0) exists. In this case, 
in some neighborhood of 0, f™ (x) exists and is continuous. Thus, 
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from (38), v‘"(x) exists, and is continuous except perhaps at 
x =0. Tosettle this point, we write 


v(x) — (0) = f™(x)at — f~(O)a + f~(O) a4 
(41) — nf (x)a-® + --- + (— 1)! [f(x) — f) Ja 
— f(0)/(n + 1). 


The limit of the first two terms is f+ (0). The remaining terms 
may be written with denominator x"t', and their limit found 
by L’Hospital’s rule as for (39). Here we find the limit is that of 


nf™(0)x"-} rae nf (x)x"—! a ft) (0) x 
(n + 1)x” 





which is 

nm f(x) — FPO) fo-) 
n+i x a n+1 
Thus, from (41), 





(42) lim | - | = — fim), 


lim [v™ (x) — o™(0)] = 0, 


and the continuity of v(x) for x=0 is established. This com- 
pletes the proof of Theorem 2. 
As a simple example of the theorem, we have the function 


1 
f(x) = xtsin—, « ¥0, {(0) = 0, 
x 


which has a second derivative, discontinuous for x=0. The 
corresponding v(x) is 


1 
v(x) = 2x3sin—, «<0, (0) = 0, 
4 
which has a continuous first derivative. 

We formulate in the following corollary the alternative con- 
dition used above. 

COROLLARY. A necessary and sufficient condition for the exist- 
ence of an nth derivative, f(a), 1s the existence of an (n—1)th de- 
rivative, v'"-» (x), continuous in some neighborhood of a, where 
v(x) ts related to f(x) by (36). 
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A CONVERGENCE FACTOR THEOREM IN THE 
THEORY OF SUMMABLE SERIES* 


BY H. L. GARABEDIAN 


1. Introduction. The object of this paper is to write down suffi- 
cient conditions to ensure that any definition of summability of 
the convergence factor typet be more effective than or includet 
the definition of de la Vallée-Poussin. 

A series 


(1) D> tn = to + ty + te +--- 

n=0 
is said to be summable by the method of de la Vallée-Poussin 
(or summable VP) to the sum S if lim,...v7,=5S, where 


ae 
2n, n—k 
Mm = u+ >, Ui 


arg os ee 


a > n(n — 1) (n — k + 1) ‘ 
pai (1 + 1)(m + 2)--- (n+ k) 

For the sake of convenience, we shall define the series (1) to 
be ¢-summable to the sum S provided that the set of functions, 
on(a), (n=0, 1, 2,---), are defined for a set of values E(a) 
having at least one limit point a», not of the set; the series 
> on (a) un converges over E(a); and 





(2) 





ke 


lim = ¢n(a)u, = S. 


aay n=0 
The theorem studied in this paper is stated as follows. 


THEOREM. [f (i) the series (1) is summable VP to the sum S, (ii) 
the set of functions, >,(a), (n=0, 1, 2, - - - ), defined for a set of 
values E(a) having at least one limit point ao, not of the set, satis- 
fies the conditions 





* Presented to the Society, September 5, 1934. 
+ C. N. Moore, Transactions of this Society, vol. 8 (1907), p. 299. 
t W. A. Hurwitz, this Bulletin, vol. 28 (1922), p. 17. 
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(a:) lim ¢,(a) = 1, (a2) lim v"$,(a) = 0, over E(a), 


a~ag n—@ 





(as) : Con, n >, Cy+2n, 2n A***2b04 (a) < K, over E(a), 
n=0 =0 


l= 


where v and K are independent of a and n, and v>e’, (iii)* 
¢o-summability includes Ceséro summability of arbitrary integral 
order; then the series bn (a) Un converges over E(a), and 


lim pm ¢,(a)u, = S. 
a—ay n=0 
We conclude this introduction with the remark that the raison 
d’étre of this theorem may be traced to a somewhat similar theo- 
rem, due to Bromwich,f in which sufficient conditions are given 
in order that ¢-summability include (Ck) summability. It will 
be observed that an analogy can be drawn between the condi- 
tions of the present theorem and those of the Bromwich theorem 
despite the discrepancy in complexity of the problems involved. 


2. Proof of Theorem. At the outset we shall consider the de la 
Vallée-Poussin matrix and its inverse, denoted respectively by 
(VP) and (VP)-, and their use in satisfying some of the exigen- 
cies of the problem at hand. 

The matrix (VP) is of triangular type, that is, 





11 0 0 0 
1 
a 0 
2 
(VP) = : 0 
" 3 6 
3 3 1 
1 pth backs aes 
th 2 














* Let us recall that VP summability includes (Ck) summability, that is, 
Cesiro summability of order k. This result was obtained independently and 
virtually simultaneously by T. H. Gronwall, Comptes Rendus, vol. 158 (1914), 
p. 1664, and C. N. Moore, Comptes Rendus, vol. 158 (1914), p. 1774. 

+ Mathematische Annalen, vol. 65 (1907-08), p. 351. 
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The inverse matrix (VP)-! is known to be* 
boo 0 0 0 

bo §=—s bn 0 0 oe | 
0 
b36 bai bse bas 


(VP) 


II 
a 
wo 
o 
ao 
wo 
_ 
a 
no 


—2 18 —36 20 











The matrix (VP)~' gives the solution of the equations (2) for 
the u’s in terms of the v’s: 


(3) Uo =%, Ut, = 2: (- P=" Cn Caxa-3 2083 


k=O 
(*s = 1, 2,3,---). 
Note that 
boo = 1, bar = 2(— 1)"-* Cae Case,e, 


(k= 0,1, 2,--+- , #3: #0). 


Form the series 


(4) DX on(a) tn, 
n=0 
and replace u, in (4) by its value in (3) to get 
(5) a } me bak Gn(a) rx. 
n=0 k=0 


At this juncture, we find it expedient to pause temporarily to 
prove the following lemma. 





* George Rutledge, Journal of Mathematics and Physics, M. I. T., vol. 11 
(1932), p. 76. 
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LeEmMMaA 1. 


(6) Do De bandn(ae)re = DY Do indu(ax)on. 
n=O k=O n=0 kon 

The right-hand member of (6) is obtained from (5) by an 
interchange in the order of limits. In order to prove this identity 
we must establish completely the validity of the infinite proc- 
esses involved. 

We find it convenient to write out one of the members of (6) 
in the form of a double series: 


bodom t+ O09 + 0 + 0 + O 
+hodirotbidint 9 + 0 + O 

(7) +beop2rotbeideritbeeda2t O + O 
+bsobst0 +bsidatitdaehstetdsapsvst 0 


The left member of equation (6) represents the double series (7) 
summed by rows, and the right-hand member of (6) represents the 
series (7) summed by columns. We wish to show that the sums 
obtained in these two different fashions are identical. Now, it 
follows from a theorem due to Pringsheim* that if the rows and 
columns of a double series converge, and if the double series is 
convergent, then the interchange of limits implied in (6) is per- 
missible. We shall first show that the individual rows and the 
individual columns of the series (7) converge, and secondly exe- 
cute the more difficult task of showing that the double series 
itself converges. 

The individual rows of (7) converge since the terms are all 
zero from a certain point on. The individual columns are series 


of the form )) indi (@)dindn, (n=0, 1, 2,---), or 
2 2 (— 1)*-*" Cu, n Crrnt, nGe(@)0n, 

(8) , (w = 1,2,---), 
E + 25 (- 1)*4u(a) [ov 








* Bromwich, Theory of Infinite Series, 1st or 2d edition, §30. 
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We have bin=O[(k+m)!/(n!)2(k—n)!]. Using Stirling’s well 
known formula, for the I'-function, we can write 


= bin = O[(k + m)¥+*/ {ntm(k — m9}. 
Now, set k=n-+m, where m is a positive integer, and we obtain 

bin = O[(2n + m)*+m/{n?m™} ] = O[4reme?*]. 
Substituting m=k-—n in this last expression we can write 
(10) binder = O[4e*+"G,] = O[e*+*~g,] = O[e**gx]. 


From condition (a2) of the hypotheses we have ¢,=O(v-*), 
where v >e*. Consequently, it follows from (10) that 


(11) binds = O(e-*). 


The equation (11) implies the convergence of the series (8) and 
hence the convergence of the individual columns. 

Let us now form the sum, $4, of the pg terms taken from the 
first p rows and the first g columns of the series (7). The conver- 
gence of s,, as p and g tend to infinity in such a manner that 
p <q follows from the existence of the left-hand side of (6). Note 
that the existence of this expression is in turn implied by the 
existence of the series (4). To establish the convergence of the 
series (4) we recall first of all that, since lim,.., 7; exists, vz is 
bounded. Then, from (9) and the discussion above it follows 
that b,.7,=O(e"t**), u, =) -90niv; = O(e*") and $,u, = O(e-"). 
This suffices to prove the convergence of the series (4). For the 
case p>q we must show that the additional terms included are 
negligible. This additional block of terms is 


bg,0bqvo + bg 16 421 +--+ + bgqberq 
(12) + be+1,0b0+1%0 + bot11bg41%1 + + + HF dati choti%e 
+ bpobpt0 = + Op ibpt1 = + + Op gh pry. 
Designate an arbitrary one of these terms by );;6,0;, 
b=gqtl,---,0) F=O1,---,9; PRIZG: G2jz0. 
We have 
bi; = 2(— 1)© 7 Cy, 5 Coppa, 5 O10;- 








588 H. L. GARABEDIAN [August, 


From (11) and the boundedness of v; it follows that 
(13) b: 0:0; = O(e-*). 


The equation (13) implies that the sum of the terms );;$;7; of 
the expression (12) can be made small enough to be negligible 
by taking q sufficiently large. In turn, this implies the conver- 
gence of s,,. Accordingly, we have established the validity of 
the identity (6). 

Now, to return to our main argument, it follows from (4), (5), 
and the lemma above that we can set F(a) =)>.0¢,(a)u, and 


write 
wo 


(14) F(a) = > Cann, Can = >, O4(a)bin- 
n=0 k=n 
Since lim, ...0n = S, it remains to show that the method of sum- 
mation, of the convergence factor type, defined by (14) is regu- 
lar,* which is to say that lime.«,F(a) = 5S. Accordingly, it is re- 
quired in the present case that 


(b;) lim Can = 0 for every 1, 
aay 
(be) lim >> cen = 1, 


aay n=0 


eo 


(bs) > | can| < K over E(a), 
n=0 
K independent of a. 
It remains to prove that the conditions (b) are fulfilled when- 
ever the conditions of the theorem are satisfied. Recall that 


(15) Cao = oo + 2D, (— 1)*¢:(a), 


k=1 


and, for'#=1,2.---, 


(16) can = 2 DS (— 1)*-* Con Crpnt.n x(a), 


k=n 


and notice that, since b;,=0, (k<n), 


(17) Can = Dy x (a)bin = Do be(a)din- 


k=0 





* Hurwitz, loc. cit., p. 20. 
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At this point, the following identity* proves to be of funda- 
mental importance: 


(18) D dint® = (1 — x42) S,22tYxk, (| «| <1), 
k=0 k=O 
where 
Sx2"tY) = Congegs,ongs bon + Conzk, onti Din 


+ Con+k—1, 2041 Don + io ke + Conti, 2n41 bin- 


It results at once from (18) that 


(2n+1) (2n+1) (2n+1) 
Din = Si Con42,1 Si-1 + Cons2,2 Sk-2 
(19) 
2n+2 (2n+1) 


as <i (— 1) Con42, 2n429k—-2n—25 


where it is understood that when a negative subscript occurs in 
the formula the corresponding S@*+” is to be replaced by zero. 
Substitute the value for b;, in (19) in the equation (17) to get 


(2n+1) 


=f (2n+1) (2n+1) 
Can = Ds! ae Con42,1 Sea + Cons2,2 Sie 
k=0 
(20) 
2n+2 (2n+1) 
— ---+(-1) Catania Stries | (0). 


Ordering the terms of (20) with respect to S;,‘°?"+”, we obtain 
formally 


Can = z. § 22th | ox aig. 8 Cony2,1 i41(@) + ens 
k=0 


SE (— 1)” Conyo,r Petr (a) + oe ae (= Duyaus(a) |, 


or 


eo 


(21) Can = D5 Si2™*PA™ (a), 


k=n 


where we notice that S,(2"+» =0, (k<m). In order to justify this 





* Bromwich, loc. cit., Ist ed., p. 311. 
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last step it will suffice to establish the absolute convergence of 
the series i 


(22) <0) ole), (é = 0,1,2,--+, In + 2). 
k=i 


To this end and for further reference we delay once again to 
prove a fundamental lemma. 


LEMMA 2. 


(23) SP") = Conn Crren.ens 
(k= 2\+n;n =1,2,---). 


From equation (18) we have the formula 


oo 
> S,C22t Dyk 
k=0 


(24) P 
= 2(1 — a)~@nte) > (— 1)*-* Cu.n Core-t.0 2", 


k=0 


which is needed later in the proof. 
Multiplying the binomial expansion of (1+x)-@"*» by 


Cy, nx"(1—x), we obtain 
x"(1 — x) 
etd ee ee 
(25) (1+ x) 
2 





> (— 1) (n+ j)(Q2n +7 —1)--- GH 1) ait. 


(n!)? j=0 


Multiplying both sides of (25) by (1—x)~©"*” and setting 
j+n=k in the right member, we get 


er x™(1 suas x?) Gat) 
(26) . 
= 2(1 — x)— 242) 5 (— 1)!" Can Caren d'. 


k=0 


Now, eliminating the expression on the right-hand side of (26) 
between formulas (23) and (26), we have 
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i) 
a: S29 = Conn HL — 22)- mtn 
k=0 


ro) 
= Cen,n =. Cy+42n,2n gate, 


A=0 


Our lemma follows at once from this identity. 
From (22) and (23) we have 


—~ (2n+1) (ant) 
LD Sei bela) = Sm ms s(a~) 
m=0 


k=i 


= Cara bs Cy+2n,2n 2r4n+i(a) . 


A=0 


Moreover, it is easy to prove the formulas C\4-n2. =O(e) and 
2r4n4i (x) =Ole-™+* |. Consequently, 


Cy+2n,2nGer4n4i(Q@) =O [e-O+ )], 


and the absolute convergence of the series (22) is assured. 
Now, formulas (21) and (23) are used to eliminate S,°"*» 
and obtain 


(27) Can = Cine >» Cy42n,2n A2"+265..n(a@), (n = t; 2, eee v2 


A=0 


Furthermore, it is easily proved from (15) that 


a 


(28) Cao = — ola) + 2D) (— 1)*pr(a) = Do A%n(a). 


k=0 A=0 


Accordingly, formula (27) also holds for  =0. 

We are now prepared to discuss the conditions (b), first of all 
(by). Since the series }> o(—1)* is summable (C1) to the value 
1/2, and since, by condition (iii) of the hypotheses, ¢-summa- 
bility includes (C1) summability, it follows from (28) that 
lima+a,Cao=0. Consequently, the condition (b;) is satisfied for 
n=0. Let us now focus our attention on the series 


+3 Cz, 2 Crpa-t, a(— iy eet (n = iF 2: A rae ye 
k=n 
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If we form the Cesaro mean of order 2n+1 for this series and 
use formula (23), we have 


: " 
lim S,2**F) /Cyyong1,2n41 
kw 


= be Con,n Cry2n,2n/Cr+4n41,2n41 = 0, (n = 1,;2,---). 
Accordingly, the series in question is summable (C, 2n+1) to 
the value zero. It follows a fortiori from formula (16) that 
lima—a,Caon =0, (n=1, 2,---). This completes the proof that 
condition (b;) is satisfied for all values of 1. 

Let us consider condition (be). We find from formula (17) 
that 


(29) Me Can. = y 2. :(a) din. 


n=0 k=n 


An interchange in the order of summation in the double series 
(29) gives 


(30) » Se Can = ¥ ¢,(a) 7. Dak. 
n=0 n=0 


k=0 


This operation is justified by the identity obtained by equating 
the v’s to unity in Lemma 1. It is quite evident from the matrix 
(VP)-! that 7 hes bnr=0, (n=1, 2,---), and this can readily 
be proved by complete induction. Moreover, bo.=1. It follows 
from equation (30) that >> ocan=¢o(a@), and hence that 
lima—a,),.-0Can = 1. Accordingly, condition (bz) has been shown 
to be satisfied. 

Finally, it follows from (27) and the subsequent discussion 
that 


D | can] = D> Conn | Dy Caren. 20?**2hnr40(a) |, 

n=0 n=0 A=0 
and this expression is clearly uniformly bounded, over E(a), pro- 
vided condition (a3) obtains. Thus, the last of the conditions (b) 
has been shown to be satisfied. This completes the proof of our 
theorem. 


NORTHWESTERN UNIVERSITY 
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